STRATIFIED CATEGORIES AND A
GEOMETRIC APPROACH TO
REPRESENTATIONS OF THE SCHUR
ALGEBRA

Giulian Wiggins

A thesis submitted for the fulfilment of the requirements for

the degree of Doctor of Philosophy

School of Mathematics and Statistics
Faculty of Science

The University of Sydney

2022



This is to certify that to the best of my knowledge, the content of this thesis
is my own work. This thesis has not been submitted for any degree or other
purposes.

I certify that the intellectual content of this thesis is the product of my own
work and that all the assistance received in preparing this thesis and sources have
been acknowledged.

Signed:

Giulian Wiggins



Abstract

In this thesis we present three new results:

(i)

(i)

(iii)

We define a stratification of abelian categories as an iterated system of rec-
ollements of abelian categories. This definition generalises the definitions
of categories of (equivariant) perverse sheaves as well as e-stratified cate-
gories (and in particular highest weight categories) in the sense of Brundan-
Stroppel [BS18]. We give necessary and sufficient conditions for a stratifica-
tion of abelian categories to be equivalent to a category of finite dimensional
modules of a finite dimensional algebra - this generalises the main result of
Cipriani-Woolf [CW22].

We define a product of Schur algebra modules that corresponds under Schur-
Weyl duality to the Kronecker product of symmetric group modules. This
new product is a Schur algebra module theoretic version of Krause’s internal
product on the category of homogeneous strict polynomial functors defined
in [Kral3].

We give a characteristic-free version of Ginzburg’s [CG97, Proposition 4.2.5]
construction of the Schur algebra via the convolution product on the Borel-
Moore homology of smooth varieties related to the nilpotent cone N/ C
gl,(C). As an application, we give a new proof of Mautner’s [Maul4] equiv-
alence of categories between GL,-equivariant perverse sheaves on A/ and a

category of Schur algebra modules.
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Chapter 1

Introduction

1.1 Historical background

In his dissertation, Schur [Sch1901] establishes a connection between the poly-
nomial representations of GL,(C) of degree d and representations of the group
algebra, C&,, of the symmetric group. This conceptual bridge allowed Schur to
study the representation theory of GL,(C) using known results in the represen-
tation theory of &4 (see e.g. [Gre80, Introduction] for a more detailed survey of
Schur’s work and it’s influence on the development of the theory of Lie groups).

Green [Gre80], following the work of Carter and Lusztig [CL74], extended
the characteristic-zero results in Schur’s thesis to results that hold for any infinite
field k. In particular, let Polﬁ(GLn) be the category of polynomial representations
of GL, (k) of degree d (where n > d) and let mod-k&, be the category of finite
dimensional right k& -modules. Green [Gre80, Section 6.2] shows that the Schur-
Weyl duality functor

Fsw = Hompa g, (@K™, =) : Polf(GL,) — mod-k&g

is an exact essentially surjective functor - thus establishing an explicit connection
between the modular representation theory of &, and the representation theory
of GL,,.

An important ingredient in Green’s work is the use of an equivalence of cate-

gories between Pol?(GL,,) and the category of finite dimensional modules of the



Schur algebra
Si(n,d) := Endye, (@7 k™).

Using the Schur algebra, one can extend the work of Green to the case that k
is any commutative ring. Indeed, arguing in the same way as Green, if k is any

commutative ring and n > d then the functor
Fsw = Hom(®* k", —) : Sg(n, d)-mod — mod-kSy

is an exact essentially surjective functor.

In [FS97], Friedlander and Suslin define the category, Rep I'¥, of strict polyno-
mial functors of degree d (the definition of this category is recalled in Section 3.7).
Moreover they show that, if n > d, there is an equivalence of categories between
Rep Fﬂé and Sk(n,d)-mod. This result allows methods available in the study of
functors to be used in the study of Sk(n,d) modules (see [Toul4] for a survey of
such applications). One particular example, that is important to this thesis, is

Krause’s [Kral3] use of Day convolution to define an internal product
—®—:RepI™ x RepI'¥ — RepI'¥.

The work in this thesis is inspired by the dissertations of Rebecca Reischuk
[Reil6] and Carl Mautner [Maul0].

In her dissertation, Reischuk [Reil6, Theorem 3.23] (see [AR17, Theorem 4.4]
for the published version) shows that the Schur-Weyl duality functor intertwines
Krause’s product on Rep Fﬂé with the Kronecker product — ®y — on k&4 modules.

That is, the following diagram of functors commutes:
_®_
Rep F“é X Rep F“é —— > Rep Fﬂé
Fsw stwl l]'—sw

mod-k&, x mod-k&; —25 mod-kSy

This result suggests a new approach to the Kronecker product of symmetric group

modules - in particular the open problem of calculating Kronecker coefficients'.

IThe Kronecker coefficients are the multiplicities of simple modules appearing in the Kronecker

product of simple modules.



Unfortunately, the abstract nature of the definition of ® suggests that this ideal
is still beyond reach.

A result in Mautner’s dissertation [Maul0, Theorem 1.3.1] (see [Maul4, The-
orem 1.1] for the published version) is that the category, Pqr,, (N, k), of GL4(C)-
equivariant perverse sheaves on the nilpotent cone NV C gly(C) is equivalent to
the category, Sk(n,d)-mod, of finite dimensional modules of the Schur algebra
Sk(n,d) if n > d.

A natural question to ask is for a geometric definition of a product on Pqr,, (N, k)
that corresponds to Krause’s product on Rep Fﬂé. This thesis contains a collection
of results discovered whilst searching for (or daydreaming about) an answer to

this question. We believe these results are of independent interest.

1.2 Outline

The body of this thesis is partitioned into three chapters, corresponding to three
major results.

Chapter 2 studies iterated systems of recollements of abelian categories, that
we call stratifications of abelian categories. The main result of this chapter is to
give sufficient conditions for a stratification of abelian categories to have enough
projective objects (Theorem 2.3.9).

Chapter 3 recounts the theory of Schur algebra modules and constructs a Schur
algebra theoretic analogue of Krause’s product (Theorem 3.6.1).

Chapter 4 uses a characteristic-free version of Ginzburg’s construction of the
Schur algebra (Theorem 4.3.6) to define an equivalence of categories between
Pc1,, (N, k) and S(n, d)-mod for n > d (Theorem 4.4.1). Our approach differs from
Mautner’s approach [Maul4, Theorem 1.1] in that we do not require the geometric
Satake correspondence (as defined in [MV07, Theorem 14.1]), and instead argue
using the geometry of the partial Springer resolutions.

A complete description of the original results in this thesis are given in Sections
1.3, 1.4, 1.5, which detail the results in Chapters 2, 3, 4 respectively. Chapters

2 and 3 are self-contained, while Chapter 4 relies on results in the preceding



chapters.

1.3 Main results from Chapter 2

A recollement of abelian categories is a short exact sequence of abelian categories

-k

0 Ay A T Ay

~

0 (1.1)

in which Az is a Serre subcategory of A (with Serre quotient Ay ), i, has both a
left and right adjoint, and j* has fully-faithful left and right adjoints.
Recollements of abelian (and triangulated) categories arise in many geometric
and representation theoretic contexts. This includes the construction of perverse
sheaves in [BBD82] (see also [MV86]), and the definition of highest weight cat-
egories [CPS88] and their generalisations (see e.g. [CPS96], [BS18]). In these
applications, one needs an iterated series of recollements. We formalise the idea
of iterated series of recollements by a construction we call a stratification of an

abelian category.

Definition 2.1.4. A stratification of an abelian category A by a non-empty finite

poset A consists of
(i) Abelian categories Ay, for each A € A (which we call strata categories).

(ii) For each closed-downwards subposet A’ C A , there is a Serre subcategory
Apr — A, in which Ay = 0 and Ay, = A. Moreover, for each pair of
closed-downwards subposets A} C A, C A, there are inclusions of Serre sub-

categories AA’l — AAIQ, and for each maximal X' € A’ there is a recollement

00— AA’\{)\’} A » Ay > 0

This definition of a stratification of an abelian category is original, however
the idea is implicitly used in work dating back to [BBD82] (examples are given in
Section 2.1).

In Chapter 2 we develop the theory of stratifications of abelian categories. We

list here the main original results from Chapter 2.



Definition 2.2.1 defines the intermediate extension functor j, : Ay — A for a
recollement as in (1.1). This definition imitates the definition of the intermediate
extension functor in the theory of perverse sheaves. If A has a stratification by a
finite poset A, then for each A € A, there is a functor j;} : Ay — A defined by the
composition

Ay = Afpen | pry — A

The following two results are proven using the intermediate-extension functor.

Proposition 2.2.4. Let A be an abelian category with a stratification by a finite
poset A. Every simple object L € A is of the form j,f‘kL,\, for a unique (up to
isomorphism) simple object Ly € Ay and unique \ € A.

Proposition 2.2.6. If A is an abelian category with a stratification by a finite poset,
then every object in A has a finite filtration by simple objects if and only if the

same is true of all the strata categories.

The following original result gives sufficient conditions for a category, A, ap-

pearing in a recollement as in (1.1) to have enough projectives.

Theorem 2.3.9. Consider a recollement:

0 .AZ b s A J .AU 0

Suppose Ay and Az have finitely many simple objects and every object has a finite
filtration by simple objects. Suppose moreover that for any simple objects A, B in
A,

dimgng ,(B) Extl (A, B) < oc.

Then A has enough projectives if and only if both Ay and Az have enough pro-

jectives.?

As an application we obtain the following important Corollary.

2Since End 4(B) is a division ring, any End_4(B)-module is free. For an End 4(B)-module M,
dimgng , 5y M is the rank of M as a free End 4(B)-module.



Corollary 2.3.11. For any field k, a k-linear abelian category with a stratification
by a finite poset is equivalent to a category of finite dimensional modules of a finite

dimensional k-algebra if and only if the same is true for all strata categories.

As a special case we recover a result of Cipriani and Woolf [CW22, Theorem
4.6] (see Corollary 2.3.12) that says that a category of perverse sheaves (with
coefficients in a field) on a space stratified by finitely many strata is equivalent
to a category of finite dimensional modules of a finite dimensional k-algebra if
and only if the same is true for each category of finite type local systems on each
stratum.

For the remainder of this section fix an abelian category A with finitely many
simple objects, enough projectives and injectives, and admitting a stratification
by a poset A. Suppose furthermore that each object in 4 has a finite filtration
by simple objects. Let B be a set indexing the simple objects in A (up to isomor-
phism) and write L(b) for the simple object corresponding to b € B. Define the
stratification function

p:B—A

that maps each b € B to the corresponding A € A in which L(b) = j} Lx(b) for
some simple object Ly(b) € Aj.

For each A\ € A, define the Serre quotient functor j* : Afuen | u<ny — Axs
and let j,’\ tAx = Afuen | u<ny and A — Afuen | u<xny be the left and
right adjoints of j*. By a slight abuse of notation, write j{\ : Ay — A and
j2 Ay — A for the functors obtained by postcomposing with the inclusion
functor Ag,en | u<ry = A

For b € B and X\ = p(b), define the standard and costandard objects

A(b) = jrP(b),  V(b) == A D).
The following result follows from the proof of Theorem 2.3.9.
Porism 2.4.1. For each b € B:
(i) The projective cover, P(b), of L(b) fits into a short exact sequence

0— Q) — P(b) - A(b) — 0



in which Q(b) has a filtration by quotients of A(V') satisfying p(b') > p(b).
(ii) The injective envelope, 1(b), of L(b) fits into a short exact sequence
0— V()= I(b)—Q'(b)—0
in which Q'(b) has a filtration by subobjects of V(b') satisfying p(b') > p(b).
Theorem 2.5.2 gives a definition of highest weight category using the language

of stratifications of abelian categories. This result is essentially a rephrasing of

[Kral7, Theorem 3.4] using our terminology.

Theorem 2.5.2. If k is a field, then a k-linear abelian category A is a highest
weight category with respect to a finite poset A if and only if A has a stratification

with respect to A in which

(i) For each closed-downwards subset A’ C A, and objects X,Y in the Serre
subcategory Apr — A,

Ext% ,(X,Y) ~ Ext3(X,Y).

(i) Every strata category is equivalent to mod-I'y for some finite dimensional

division algebra Ty

Brundan and Stroppel [BS18] define a generalization of highest weight cate-
gories called an e-stratified category (this definition is recalled in Definition 2.4.2).
It would interesting to have necessary and sufficient conditions for an abelian cat-
egory A with a stratification by a poset A to be an e-stratified category. An

answer to this problem is suggested in Conjecture 2.4.4.

1.4 Main results from Chapter 3

In Chapter 3 we recall the basic theory of the Schur algebra Sk(n,d) = Endg, (RIK™),

for a field k, and define a new product of Schur algebra modules corresponding
to Krause’s internal product of polynomial functors defined in [Kral3]. More

precisely, we define a product

—X— : Sk(m, d)-mod x Sk(n,d)-mod — Sk(mn, d)-mod



in which the following diagram of functors commutes.

Sk(m, d)-mod x Sk(n,d)-mod -, Sk(mn, d)-mod
Fsw X.stl l}—SW (12)

mod-k&y x mod-kSy — 2= mod-kGSy

To state the definition of X we need some preliminary definitions. Firstly,
denote the standard basis of k™ by {v1,...,v,}, and denote the standard basis
of k™" by {wvi; | i € [m],j € [n]}, where [m] = {1,...,m}. Define the k&S4-

equivariant isomorphism
X dnm dyn d,mn
6: @'k @ @'k — @'k

by
(Uh ®'”®vid)®(vj1 ®'”®Ujd) = Vg @0 @ Uiy

Define the algebra embedding

O : Endye, (Q k™) @y Endye, (Q k") — Endyes, (Q k™)

O(f ® g)(viyjy ® -+ @ vigj,) = 0(f(viy ® - @ viy) ® g(vj, @ -+ @ vy,)).
The homogeneous external product
—X— : Sk(m, d)-mod x Sk(n,d)-mod — Sx(mn, d)-mod
is defined by induction along ©. That is

MKN := Sg(mn, d) ®s, (m.d)os,(n.d) (M Sk N)
= Sk(mn,d) @x M @x N/(O(f@g)@men—1® f-m®g-n)
Theorem 3.6.1 says that diagram (1.2) commutes. Theorem 3.7.5 says that, under

the equivalence between Sk(n,d)-mod and RepI's (for n > d), the homogeneous

external product corresponds to Krause’s product on strict polynomial functors.



To complement the construction of the homogeneous external product, we
define the embedding © : Sk(m, d) x Sk(n,d) — Sx(mn,d) in terms of generators
of the Schur algebra. We recall the definition of these generators now.

Let B, F; : @%C" — ®?C" be the endomorphisms given by the actions of
the Chevalley generators e;, f; on ®d C™ under the natural gl,, (C)-action. Define
the set

An,d) = {(A1,..., M) €N" | >\ =d}.

For A € A(n,d), let 1, : ®%C" — ®? C" be the projection onto the k& 4-invariant
subspace of ®d C™ generated by vi@)‘l R ® vfl”‘".

The Schur algebra S¢(n, d) is generated by the E;, F; (i = 1,...,n—1) and the
1xn (A € A(n,d)). The Schur algebra Sz(n, d) is isomorphic to the Z-subalgebra of
Sc(n,d) generated by the 1) together with the elements
EY o

i

EZ-(T) =

7l 7l

Moreover, for a commutative ring k, there is an isomorphism
Sk(n,d) ~k ®z Sz(n,d)

and so each Schur algebra Si(n,d) is generated by elements 1y, EZ-(T), and Fi(r).

Proposition 3.6.4 defines the embedding © : Sx(m,d) x Sk(n,d) — Sx(mn,d)

in terms of these generators.

1.5 Main results from Chapter 4

In Chapter 4 we give a new construction of Mautner’s [Maul4, Theorem 1.1]
equivalence of categories Pgr,,(NaL,, k) — Sk(n,d)-mod, when n > d. To state
the main result we introduce some notation.

Let G = GL4(C) and let B C G be the Borel subalgebra consisting of upper
triangular invertible matrices. For each n € Nand A € A(n,d), let P\ = LyxU) C
G be the parabolic subgroup containing B and with Levi factor Ly >~ GLjy, x ---x
GL,,,.



Use lowercase fraktur letters to denote the Lie algebra of a Lie group denoted
by the corresponding uppercase letter.

Write Ny C b for the nilpotent cone in a Lie algebra b, and set N := Ng.
For a partition A = (A1,...,\p) of d, let Oy C N be the G-orbit of the Jordan
matrix with Jordan blocks of sizes A1, ..., A\m. Let AV be the dual partition of \.

Define the partial Grothendieck resolution

my: G xPpy =g (g,2) = grg Tt

Consider also the following diagram in which the squares are Cartesian.

GXPAP)\L)Q

J ]

./\v/’)\ ::GXP’\NP)\ I LN

J J

./\N/’)\ =G x™ Uy A) O\v
Define the perverse sheaves

= Mk [dim ],

AN = kg [2dim G/ P,

in Pg(N, k).
The following is the main result of Chapter 4.

Theorem 4.4.1. If n > d, then the perverse sheaf

Tha= T

XEA(n,d)

is a projective generator of Po(N, k), and Sk(n,d) =~ Endp, k) (Tn,a)-

In particular, the functor
Hompg(/\/,k) (Fn,cb _) 1 Po (Na k) — S]k(nv d) -mod

s an equivalence of categories.

10



Lemma 4.4.9 says that I', 4 is a projective generator. To prove Theorem
4.4.1 we use the geometric Ringel duality functor (as defined in [AM15]) to show
(Lemma 4.4.8) that

End p, (v ) ( EB ') ~ Endp, (v o) ( EB AY).
AeA(n,d) AeA(n,d)

It follows from a result of Ginzburg [CG97, Theorem 8.6.7] that there is a

natural isomorphism

Homp (M, A) & HEM G (B ),

where composition of morphisms corresponds to the convolution product on Borel-

Moore cycles. Theorem 4.4.1 follows from the following result.

Theorem 4.3.6. There is an algebra isomorphism

Sy(n,d)?~ @ HPV (N X Ny, k),

dim Ny +dim N,
A pEA(n,d)

where the algebra product on the right hand side is the convolution product.

Theorem 4.3.6 is shown in the case that k has characteristic zero by Ginzburg
[CGI7, Proposition 4.2.5]. Our result is derived using Ginzburg’s result, together
with the observation that the isomorphism

op BM \ / \ /
Se(n, d)* — @ HdimN)\erimNu(N)‘ Xnr N, €)
A pu€A(n,d)
sends the generators of Sz(n,d)? to fundamental classes of irreducible compo-

nents. The result follows by a simple argument using the dimensions of these

algebras.

11



Chapter 2

Stratifications of abelian categories

A recollement of abelian categories is a short exact sequence of abelian categories

-k

0 Ay LN/ R Ay 0

in which Az is a Serre subcategory of A (with Serre quotient Ay ), i, has both a
left and right adjoint, and j* has fully-faithful left and right adjoints. In this case
we say that A is a gluing of Az and Ay.

A stratification of an abelian category A by a non-empty finite poset A consists
of

(i) Abelian categories Ay, for each A € A.

(ii) For each closed-downwards subposet A’ C A , there is a Serre subcategory
Apr — A, in which Ay = 0 and Ay = A. Moreover, for each pair of closed-
downwards subposets A] C A}, C A, there are inclusions of Serre categories

Apr = Ay, and for each maximal N € A’ there is a recollement

0O — -AA’\{)\’} -AA/ .A)\ 0.

As an example, consider what it means for a category A to have a stratification

by the poset 1 < 2 < 3. Such a stratification consists of the following categories,

12



in which each row and column is a recollement:

i
<

For example, the category, A, of representations of the quiver ¢ — o — e over
a field k, has a filtration by the poset 1 < 2 < 3. Indeed, define the quiver

representations:
A =0—0—k, Ay =0—k —k, A3 =k =k =k,

and

Vi=0—-=0—=k, Vo=0—-k—0, Vs=k —=0-—0.

The stratification on A is defined by setting the categories Aj/ to be the Serre
subcategory of A generated by the A; in which i € A’, and defining each A; ~
mod- End 4(4A;) ~ mod-k. The Serre quotient functors are defined j; = Hom 4(As,
and j; = Homy4 (A2, —). Note that the functors j; : Ay ;3 — mod-k have fully-
faithful left adjoint j,’ : mod-k — Ag ;3 mapping k — A;, and fully-faithful
right adjoint j¢ : mod-k — Agi,...sy mapping k — V.

Our definition of a stratification of abelian categories is original, however the
idea is implicitly used in work dating back to [BBD&2]. Examples of stratifications
of abelian categories arise in the theory of perverse sheaves (see Example 2.1.7)
and in certain categories of modules (see Example 2.1.9). In particular, we’ll
prove that every highest weight category (or more generally every e-stratified
category in the sense of Brundan-Stroppel [BS18]) with respect to a poset A has
a stratification by the poset A (Theorem 2.5.2). A long list of further examples

of recollements of abelian categories can be found in [Psal4, Section 2.1].

13
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In Section 2.2 we define the intermediate extension functor j, : Ay — A and
develop some basic theory about recollements of abelian categories. We show that
the simple objects of A are all either simple objects in Az or the intermediate
extension of simple objects in Ay (Proposition 2.2.4). Moreover we show that
every object of A has finite length if and only if the same is true for Az and Ay
(Proposition 2.2.6). These results are well known in the theory of perverse sheaves
and the proofs here are almost identical to the standard proofs of these results in
the theory of perverse sheaves (see e.g. [Ach21, Chapter 3|).

In Section 2.3 we give new conditions for when the gluing of two abelian
categories with enough projectives has enough projectives (Theorem 2.3.9). This
generalises a result of Cipriani-Woolf [CW22, Theorem 4.6], which says that a
category of perverse sheaves (with coefficients in a field) on a space stratified by
finitely many strata has enough projectives if and only if the same is true for each
category of finite type local systems on each stratum.

In Section 2.4 we continue our study of abelian categories equipped with a
stratification and enough projectives (as well as some finiteness conditions). In
this setting, we define a set of standard and costandard objects of A indexed by
the simple objects of A. These do not satisfy properties as nice as those of stan-
dard/costandard objects in a highest weight category. For example, projective
indecomposable objects do not always have a filtration by standard objects. In-
stead they have filtrations by quotients of standard objects (Porism 2.4.1). Brun-
dan and Stroppel [BS18] define a framework for categories with a ‘nice’ theory
of standard and costandard objects - these they call e-stratified categories. We
conclude Section 2.4 by reviewing their definition and conjecture when an abelian
category with a stratification is an e-stratified category.

In Section 2.5 we show that a category A is a highest weight category with
respect to a poset A if and only if A has a stratification by A in which each
strata category has one simple object, and Exti\A, (X,Y) ~ Ext}(X,Y) for each
closed-downwards subposet A’ C A and objects X,Y in the Serre subcategory
Apr C A. This result is essentially a rephrasing of a known result (see e.g. [Kral7,
Theorem 3.4]), and our proof does not differ from that of [Kral7, Theorem 3.4]

14



in a significant way.

Historically, the concept of a recollement of abelian categories was preceded
by the definition of a recollement of triangulated categories due to Beilinson,
Bernstein and Deligne [BBD82]. This is a generalisation of Grothendieck’s six
functors relating the constructible derived category, D(X), of sheaves on a variety
X with the constructible derived categories, D(U) and D(Z), of sheaves on an
open subvariety U C X and the closed complement Z := X\U. The conditions
defining a recollement of abelian categories are (possibly first) used in [BBD82,
Proposition 1.4.16]. This statement says that given a recollement of triangulated
categories with ¢-structure, one obtains a recollement of abelian categories on the
hearts of the t-structures by taking zero-th cohomology. We explain and prove

this result in Section 2.6.

2.1 Preliminaries

We begin with an axiomatic definition of recollement. The notation used in this

definition will be used throughout the paper.

Definition 2.1.1. A recollement of abelian categories consists of three abelian cat-

egories Az, A and Ay and functors:

Ay b= oI g (2.1)

it Jx
satisfying the conditions:
(R1) (i*,ix = dy,4") and (j1, 7' = j*, j«) are adjoint triples.

(R2) The functors i, = iy, ji, j« are fully-faithful. Equivalently the adjunction

maps i*i, — Id — i'i and j*j, — Id — j'ji are isomorphisms.

(R3) The functors satisfy j*i, = 0 (and so by adjunction i*j = 0 = i'j,).

15



(R4) The adjunction maps produce exact sequences for each object X € A:

JiX =X =i i*X =0 (2.2)
0= i’ X X = j.j*X (2.3)

Alternatively, condition (R4) can be replaced by the condition

(R4’) For any object X € A, if j*X = 0 then X is in the essential image of i,.

A recollement of triangulated categories is defined in the same way as a recolle-
ment of abelian categories except that condition (R4) is replaced by the existence

of the triangles:

Ji'X X o it X — (2.4)
' X =X — 45X — (2.5)

for each object X.

Remark 2.1.2. The interchangeability of (R4) and (R4’) follows from the following
argument. If 7*X = 0 then (R4) implies that ii' X ~ X ~ 4,i*X and so X is in
the essential image of i. Conversely let u : jij' — Id and n : Id — i,i* be the

adjunction natural transformations. Then there is a commutative diagram

jitx X x cokpuy ——— 0

nj!jlxl WXJ/ incok wx

0 — i, i* X — iyi*(cok pux) — 0

in which the rows are exact. By applying j* to the top row we see that j* cok ux =
0 and so (R4’) implies that cok pux ~ i,i*(cok px) ~ i,i* X. Equation (2.3) holds

by a similar argument.

Write AZ for the essential image of i,. To reconcile Definition 2.1.1 with the
initial definition of recollement note that by (R2), A% ~ Ay, and by (R4’), A%
is the kernel of the exact functor j* and is hence a Serre subcategory of A. A

particular consequence is that
Ext}, (X,Y) ~ Ext} (i, X,i.Y) (2.6)
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for any X,Y € Ay.
For k € N, we call a recollement of abelian categories k-homological if for all
n<kand X,Y € Az,

Ext, (X,Y) ~ Ext’ (1. X, i.Y).

Say that a recollement of abelian categories is homological if it is k-homological
for all k € N. A study of homological recollements is given in [Psal4].
It will be useful to note that if we extend the sequences (2.2) and (2.3) to

exact sequences

0= K — jij'X X =i, i*X = 0 (2.7)
0= ii'X 52X = j "X > K —0 (2.8)

then K and K’ are in A?. Indeed, by applying the exact functor j' to (2.7) we
get that j'K = 0 and so iyi' K ~ K ~ i,i*K. Likewise by applying j* to (2.8) we
get that K’ € AZ.

Given a recollement of abelian or triangulated categories with objects and
morphisms as in (2.1), the opposite categories form the following recollement

ie=1 =j*
AP — Ty por T A

i
<

which we call the opposite recollement.
The following proposition describes a useful way to characterise the functors

. ..
¢* and ¢ in any recollement.

Proposition 2.1.3. Suppose we have a recollement of abelian categories with objects

and morphisms as in (2.1). Then for any object X € A:
(i) i.i* X is the largest quotient object of X in AZ.
(ii) ii' X is the largest subobject of X in AZ.

Proof. By the adjunction (i.,i*) and since i, is fully-faithful we have natural

isomorphisms for X € A, Y € Az:

Hom 4 (i+i* X, 1.Y) ~ Hom 4, (i*X,Y) ~ Hom 4 (X, i.Y)
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sending f to f on where 5 : X — 4,i* X is the adjunction unit. In particular any
morphism X — .Y factors through i,i*X. Statement (i) follows. Statement (ii)
follows by taking the opposite recollement. O

Definition 2.1.4. A stratification of an abelian/triangulated category .4 by a non-
empty finite poset A consists of the following data:

(i) An assignment of an abelian/triangulated category Az to every closed-
downwards subset Z C A. Moreover, for each pair of closed-downwards sub-

sets Z1 C Zy C A, there is a corresponding embedding iz, z,« : Az, — Agz,.

(ii) For each A € A an abelian/triangulated category .Ay. We call these strata

categories.
This data must satisfy the following conditions
(S1) Ap =0 and Ay = A.

(S2) For each A € A and closed-downwards subset Z C A in which A € Z is

maximal, the functor i, =iz ()} z« fits into a recollement

* N
— —
15 =11 J=J
AZ\{)\} > Az > Ay
pa pa
it Jx

Say that a stratification of an abelian category is k-homological (respectively
homological) if each of the recollements described in Condition (S2) are k-homological
(respectively homological).

We proceed with some important examples of recollements and stratifications.
We will often use without mentioning a result of Beilinson-Bernstein-Deligne
[BBD82, Proposition 1.4.16] that says that given a recollement of triangulated
categories with a t-structure one obtains a recollement on the hearts of the t-
structure by applying zero-th cohomology. A proof of this result is given in Section

2.6.
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Example 2.1.5 (Direct sum category). The simplest example of a recollement is

the direct sum of abelian categories:

i* Ji
. . ¢ 0 ek
1x=1] J =]
A—— 3 A®B —— B
— —
i VS

. . . . . . . -l .| .
where 7, = 41 and j) = j, are the inclusion functors, and * = ¢ and j- = j* are

projection functors.

Example 2.1.6 (Grothendieck’s derived functors). Let X be a variety. Let ¢ : Z —
X be the inclusion of a closed subvariety and let j : U < X be the inclusion of the
open complement. Write D?(X, k) for the bounded derived category of sheaves on
X with coefficients in a Noetherian ring k of finite global dimension. The direct

image i, : D?(Z,k) — D°(X, k) fits into a recollement of triangulated categories

i* I

DY(Z, k) ——— Db(X k) —L—L— DO(U,K)
2 *

Indeed this is the original and motivating example of a recollement of triangu-
lated categories. After taking zero-th cohomology we get a recollement of abelian

categories of sheaves:

HO4* HOj)
Sh(Z,k) —=—"— Sh(X,k) ——L— Sh(U,k)
— —
HO3! HO3.

Likewise if we take zero-th perverse cohomology for any perversity function, we

get a recollement of the abelian categories of perverse sheaves.

Example 2.1.7 (Constructible sheaves with respect to a stratification). A strat-
ification of a quasiprojective complex variety X is a finite collection, {X)}xea
of disjoint, smooth, connected, locally closed subvarieties, called strata, in which
X = Jyea X and for each X € A, X, is a union of strata. In this case we equip
A with the partial order

p < Xif X, € X,.
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We will use A to refer to the stratification of X.

For a variety X, let Loc/*(X, k) be the category of local systems on X of finite
type with coefficients in a field k. Recall that, by taking monodromy, Loc/! (X, k)
is equivalent to the category, k[m(Xy)]-mody,, of finitely generated klmi(X))]-
modules (see e.g. [Ach21, Theorem 1.7.9]).

Say that a sheaf F on X is constructible with respect to a stratification, A, of
X if Flx, is a local system of finite type for each A € A. Write D4 (X, k) for the
full triangulated subcategory of D?(X, k) consisting of objects F in which H*(F)
is constructible with respect to A.

Say that a stratification, A, of X is good if for any A € A and any object
L € Loc/'(X),k), we have j\.L € DY (X, k), where jy : X\ < X is the embed-
ding, and jy, is the derived pushforward. It is difficult to tell in general whether
a stratification is good (see [Ach21, Remark 2.3.21] for a discussion of these dif-
ficulties). A stratification satisfying the Whitney regularity conditions [Wit65] is
good. In particular, if an algebraic group G acts on X with finitely many orbits
(each connected), then the stratification of X by G-orbits is good (see e.g. [Ach21,
Exercise 6.5.2]).

Let cl(A) be the set of closed-downwards subsets of a poset A. Given a good
stratification A on X, the triangulated category D4 (X, k) has a stratification by A
with strata categories Dy := D’(Loc/t(Xy,k)) ~ DP(k[m1(X))]-mody,) and Serre
subcategories Dy := D§, (|ycpr X2) for each closed-downwards subposet A’ C A.

For a perversity function p : A — Z, the category PPy(X,k) of perverse
sheaves on X with respect to the stratification A (and perversity function p) is
the full subcategory of DK(X ,k) consisting of complexes F in which for any strata
hy: Xy — X:

(i) HYRZF) =0if d > p(N),
(i) HYM\F) =0 if d < p(N),

where H%(F) refers to the d-th cohomology sheaf of F. The category A =
PP\ (X, k) is abelian and has a stratification by A, with strata categories Ay =
Loc/ (X, k) [p(\)] =~ k[m (X))]-mody, (see e.g. Theorem 2.6.3).
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Example 2.1.8 (G-equivariant perverse sheaves). Another example of a stratifica-
tion arises in the theory of equivariant perverse sheaves as defined in [BL94]. We
will briefly review this theory. We recommend the reader consult [Ach21, Chapter
6] for more details.

For a complex algebraic group G and quasiprojective complex G-variety X,
a G-equivariant perverse sheaf on X is, roughly speaking, a perverse sheaf on
X with a G-action compatible with the G-action on X (see e.g. [Ach2l, Def-
inition 6.2.3] for a precise definition). The category, Pg(X,k) of G-equivariant
perverse sheaves is the heart of a t-structure on the G-equivariant derived cate-
gory, Dg(X, k) defined by Bernstein-Lunts [BL94]. For a G-equivariant map of
G-varieties h : X — Y, there are equivariant versions of the (proper) pushforward
and (proper) pullback functors: hy, by, h',h*. If i : Z < X is the inclusion of a
G-invariant closed subvariety with open complement j : U < X, then there is a

recollement of triangulated categories

DY(Z, k) — = DY(X, k) — =L Db (U, k)
(2 *

If X is a homogeneous G-variety, then every G-equivariant perverse sheaf is a

finite type local system (shifted by dim¢ X). Moreover, in this case,
Pq(X, k) ~ k[G*/(G*)°]-mod ¢4, (2.9)

where G* C G is the stabilizer of a point x € X, and (G¥)° is the connected
component of G* containing the identity element (see e.g. [Ach21, Proposition
6.2.13] for a proof of this statement).

Suppose G acts on X with finitely many orbits (each connected). Let A be a
set indexing the set of G-orbits in X, and write O, for the orbit corresponding
to A € A. Consider A as a poset with the closure order: A\ < p if Oy C O,.
Then the category A = Pg(X, k) has a stratification with strata categories Ay =
Pg(0y, k) ~k[G*/(G*)°]-modt, (where z € O)).

Example 2.1.9 (Modules with idempotents). For a ring A, let Mod-A be the cat-
egory of all right A-modules, and mod-A be the category of finitely presented
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right A-modules. Let e be an idempotent in A, and define the inclusion functor
ix : Mod-A/AeA — Mod-A. Note that Mod-A/AeA is equivalent to the Serre
subcategory of Mod-A consisting of modules annihilated by e. There is a corre-

sponding Serre quotient j* : Mod-A — Mod-eAe defined
j* :=Homy(eA, —) ~ — ®4 Ae.

i.e. j*M = Me for any object M € Mod-A. These functors fit into a recollement
of abelian categories:

i* J

Mod-A/AeA —>="— Mod-A —2=1— Mod-eAe

where for any right A-module M:
(i) ¢*M is the largest quotient, N, of M in which Ne = 0.
(ii) i'M is the largest subobject, N, of M in which Ne = 0.

Moreover ji := — ®c4e €A and j, := Home g (Ae, —).
If A is right artinian and has enough injectives then the inclusion i, : mod-A/AeA —
mod-A fits into a recollement
7* It

T4 =1

mod-A/AeA ————— mod-A T, mod-ede
in which j* has left adjoint ji = — ®ca. €A (see e.g [Kral7, Lemma 2.5]). This
recollement is homological if and only if A/AeA ®% A/AeA = A/AeA [GLI,
Theorem 4.4]. This holds in particular if AeA is a projective A-module (see e.g.

[Kral7, Lemma 2.7]).

2.2 The intermediate-extension functor

Consider again the recollement:

Ay — = g T gy (2.10)
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In this section we study the full subcategory, AY < A, whose objects have no
subobjects or quotients in A% := imi,. The main result of this section (Propo-
sition 2.2.3(ii)) is that the restricted functor j* : AY — Ay is an equivalence of

categories. The quasi-inverse ji, : Ay — AU is defined as follows.

Definition 2.2.1 (j, : Ay — AY). For an object X € Ay, let Tx : 1 X — j. X be

the morphism corresponding to the identity on X under the isomorphism
Hom 4 (51X, j«X) ~ Hom 4, (X, j*j«X) >~ Hom 4, (X, X).

Define
X =im(lx : 51X — j.X) € A.

It is easy to check that if X € Ay then ji, X € AV, Indeed as i'j, X =0, 7, X
has no subobjects in A%. In particular, as ji, X is a subobject of j, X it cannot
have any subobjects in AZ. Likewise as ji, X is a quotient of 5 X it cannot have
any quotients in A?. We call the functor ji. : Ay — A, the intermediate-eztension

functor.

Remark 2.2.2. Not every subquotient of an object in AY need be in AY. In

particular, an object in AY may still have simple composition factors in A%.

Proposition 2.2.3. Suppose we have a recollement of abelian categories with objects

and morphisms as in (2.10). Then

(i) If X € A has no nonzero quotient objects in A?, andY € A has no nonzero
subobjects in AZ (i.e. i*X =0 andi'Y =0), then:

Homy(X,Y) ~ Homy, (7 X, 5*Y).

(ii) 7* : AV — Ay is an equivalence of categories with quasi-inverse ji, : Ay —
AY.

Proof. If i*X = 0 then (2.7) gives an exact sequence

05 K—jj'X —=X—=0
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in which K ~ 45" K. So applying Hom(—,Y") we get the exact sequence
0 — Hom(X,Y) — Hom(j,j'X,Y) — Hom(ii' K, Y)
Applying adjunctions gives the exact sequence
0 — Hom(X,Y) — Hom(j' X, j'Y) — Hom(i'K,'Y")

Statement (i) follows as i'Y = 0.

A corollary of statement (i) is that j* : AY — Ay is fully-faithful. To show
that j* is essentially surjective it suffices to show that for any object X € Ay,
7¥ X ~ X. Now, as j* is exact:

70X = 5 im(iX — 5. X) ~ im( X — 7. X) ~im(Id : X — X) = X
and so (ii) follows. O

The following result follows immediately from the previous proposition.

Proposition 2.2.4. Suppose we have a recollement of abelian categories as in (2.10).
If L € Ay is a simple object, then ji.L is a simple object in A. Moreover all the
simple objects of A are either of the forms:

(i) i«L for a simple object L € Ay.
(ii) jiL for a simple object L € Ay.
The following properties of the intermediate-extension functor will be useful.

Proposition 2.2.5. Suppose we have a recollement of abelian categories as in (2.10).

Then

(i) The functor ji. : Ay — A maps injective morphisms to injective morphisms

and surjective morphisms to surjective morphisms.

i) If X € A has no nonzero quotient objects in A% then there is a canonical
q ]

short exact sequence:
0= ii'X > X = juj*X >0
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(iii) If X € A has no nonzero subobjects in A? then there is a canonical short
exact sequence:

0= juj X > X —>i,d"X —0

Proof. Let f : X — Y be a map in Ay and define objects K1, K5 in A by the

exact sequence:

0— K1 = jiuX = Y - Ky —0

To prove statement (i) it suffices to show that if j*K; = 0 then K; = 0. If j*K; =0
then by (R4’), K1 ~ i,i*K; and Ko ~ #1i'K5. Then each K; = 0 since ji, X and
J1.Y are in AY

To prove statement (ii), let X € A have no nonzero quotients in A% and

consider the short exact sequence
0—=iitX >X—>K-—=0

Applying 7' to the sequence we see that i/ K = 0 and so K € AV. So K ~
Jixj K and (by applying j* to this sequence) j*X ~ K. Statement (ii) follows

immediately. The proof of statement (iii) is similar. O

Say that an abelian category is a length category if every object has a finite

filtration by simple objects.

Proposition 2.2.6. Suppose we have a recollement of abelian categories as in (2.10).
Then A is a length category if and only if both Az and Ay are length categories. In
particular if A has a stratification by a finite poset A, then A is a length category

if and only if all the strata categories are length categories.

Proof. Let X be an object in A and let K be defined by the short exact sequence:
0—ii'X X =K =0

Then i'K = 0 and so applying Proposition 2.2.5(iii) we get the short exact se-
quence

0= jij K=K —=i,"K—0
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In particular if every object in Az and every object in Ay has a finite filtration
by simple objects, then so does K and hence so does X. The converse statement
is obvious.

The last statement in the proposition follows by Noetherian induction. ]

2.3 Recollements with enough projectives/injectives

In this section we study the relationship between projective covers of objects in the
different categories making up a recollement. More precisely, let A be a category
fitting into a recollement as in (2.10). Proposition 2.3.5 says that if A has enough
projectives/injectives then so does Ay . Proposition 2.3.6 says that if A is a Krull-
Schmidt category then if A has enough projectives/injectives then so does Ay.
Proposition 2.3.7 says that if X € Ay has a projective cover P in Ay then ji P is
a projective cover in A of j, X.

Unfortunately it is not easy to find a projective cover in A of an object i, X €
AZ ., even if a projective cover of X exists in Az. Theorem 2.3.9 gives sufficient

conditions for when such a projective cover exists.

2.3.1 Projective covers

Recall that a surjection ¢ : X — Y is essential if for any morphism o : X' — X,
if ¢ o « is surjective then « is surjective. Equivalently ¢ : X — Y is essential if
for any subobject U C X, if U +ker¢ = X then U = X. If P — X is an essential
surjection and P is projective then we call P (or more accurately the morphism
P — X)) a projective cover of X. The projective cover of X (if it exists) factors
through every other essential cover of X, and is unique up to isomorphism.

If L € A is a simple object and P is projective then ¢ : P — L is a projective

cover if and only if the following equivalent conditions hold:
(i) ker ¢ is the unique maximal subobject of P.
(ii) The endomorphism ring of P is local.

See e.g. [Kral5, Lemma 3.6] for a proof of these facts.
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The dual concept of an essential surjection is called an essential extension. If
X — I is an essential extension and I is injective then this extension is called the
injective envelope of X.

An abelian category has enough projectives (resp. enough injectives) if every
object has a projective cover (resp. injective envelope).

An abelian category A is a Krull-Schmidt category if every object is a finite
direct sum of objects with local endomorphism rings. For example, any abelian
length category is a Krull-Schmidt category.

In a Krull-Schmidt category, the projective covers of simple objects are exactly
the projective indecomposable objects. Moreover a Krull-Schmidt category A has
enough projectives if and only if every simple object has a projective cover. We
will need the following characterisation of projective covers of simple objects in

Krull-Schmidt categories.

Proposition 2.3.1. Let A be a Krull-Schmidt category. Let P € A be a projective
object and L € A be a simple object. A map P — L is a projective cover if and
only if for any simple object L':
, 1 o L=1L,
dimEndA(L/) HOHI_A(P, L ) = (211)
0  otherwise.
Remark 2.3.2. Recall that any module of a division ring is free. For a module M,

of a division ring D, the dimension dimp M is the rank of M as a free D-module.

Proof of Proposition 2.5.1. Suppose we have a projective cover ¢ : P — L. Since
ker ¢ is the unique maximal subobject of ¢, Hom (P, L') = 0 whenever L # L'.

To show equation (2.11), it remains to show that the End 4(L)-equivariant map
—o¢: Endy(L) - Homy(P, L)

is an isomorphism. Since ¢ is a surjection this map is injective. To show surjec-
tivity, let f € Hom4(P, L) be nonzero. Then as ker f is a maximal subobject of
P, ker ¢ C ker f, and so f factors through ¢.

Conversely, if (2.11) holds, then if P = P, @ P,, only one P; can have a simple

quotient and the other must be zero. In particular, P is indecomposable. ]
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2.3.2 Ext-finiteness

To state the main result of this section (Theorem 2.3.9) we need the concept of
Ext-finiteness. In this section we recall this definition and give two propositions
about Ext-finiteness (Propositions 2.3.3 and 2.3.4) that will be needed in the
discussion following Theorem 2.3.9.

For k € N, say that an abelian category A is Ext*-finite (or Hom-finite in the
case k = 0) if for any simple objects A, B in A,

dimEndA(B) EXtZ(A, B) < 0.

Note that if A is a k-linear category, for some field k, then

dimy, Ext® (A, B)
dimy End4(B)

dimEndA(B) Etha(A, B) ==

So A is ExtF-finite whenever dimy Ext¥ (A4, B) < oo for every simple object
A, B. The converse is true if the endomorphism ring of every simple object has
finite k-dimension (e.g. if k is algebraically closed).

The following two propositions give useful criteria for when a category is Ext*-

finite.

Proposition 2.3.3. Any Hom-finite abelian category with enough projectives is

Ext*-finite for every k € N.

Proof. Let X,Y be simple objects in .A. Consider a projective presentation
0—-K—=-P—=>X—=0

Then as Ext¥ (P, Y) = 0, we get that Ext¥(X,Y") embeds into (or is isomorphic
to) Exti(l(K ,Y') for each k& > 0. The result follows by induction. O

Say that a k-linear abelian category is finite over k if A is a Hom-finite
length category with enough projectives and finitely many simple objects. It
is well-known that A is finite over k if and only if there is a finite-dimensional
k-algebra A in which A is equivalent to the category, A-mod, of modules that

are finite dimensional as k-vector spaces. Indeed, if { Py} ca are the projective
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indecomposables in A (up to isomorphism), then A = Enda(P,c, P\)” and
Hom4(Pycp Py, —) : A~ A-mod. Note that there is a contravariant equivalence
Homg(—,k) : A-mod — A°-mod. In particular, any finite abelian category has

enough injectives.

Proposition 2.3.4. Let k be a field and let A be a k-linear abelian category with a
stratification in which every strata category is a finite abelian category. Then A

is Ext!-finite.

Proof. By the assumptions on the strata categories, A has finite dimensional Hom-
spaces. Suppose A has a recollement with objects and morphisms as in (2.10).
Suppose Ay and Az have enough projectives, and Ay has enough injectives. By
Proposition 2.3.3, both Az and Ay are Ext!-finite. We just need to show that A
is Ext!-finite. It suffices to show that dimy Ext;(X,Y) < oo for all simple objects
X,Y.

Since A% is a Serre subcategory of A, this is true whenever X and Y are
both in A%. Let L € Ay be simple and let ji,L have projective and injective

presentations:
0K — 5P — jiL—0
0= jiul =5l - K —0

The projective presentation implies that Hom 4 (K, Y) surjects onto Ext}4 (jix L, Y).
The injective presentation implies that Hom 4(Y, K’) surjects onto Exth(Y, JisL).
The result follows. O

2.3.3 Main results

This section contains our original results concerning recollements and projective

covers.

Proposition 2.3.5. Suppose A is an abelian category with a recollement as in
(2.10). Then

(i) If X =Y s an essential surjection in A and i*Y = 0 then *X = 0 and

i'X — §'Y is an essential surjection.
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(ii) If P € A is projective and i* P = 0 then §'P € Ay is projective. In particular
if P — X is a projective cover in A and i*X = 0 then j'P — j'X is a

projective cover in Ay .
In particular, if A has enough projectives then so does Ay .

Proof. Let ¢ : X — Y be an essential surjection in A and suppose i*Y = 0. To

show that i*X = 0 it suffices to show that the canonical map ey : jij'X — X

is surjective. This follows from the following commutative diagram since ¢ is
essential.

X—% Ly

EXT Tey

it X ——— 'y
Ji'e

Let o : X' — j7'X be a morphism in Ay, in which j'(¢) oa : X' — j'V is
surjective. Then ey o j1j'(¢) o jia : #X' — Y is surjective and so (since ¢ is
essential) ex o jiv : 1X" — X is surjective. Hence j'(ex o jia) ~ o : X' — j'X is
surjective. This proves (i).

If P € A is projective and i* P = 0 then the functor
Hom 4, (j'P, —) ~ Homa(j1j' P, ji(—)) =~ Hom4(P, ji(—)) : Ay — Z-mod

is exact. Here the last isomorphism follows from the sequence (2.7). It follows
that j'P is projective. Statement (ii) follows.
O

Proposition 2.3.6. Suppose A is a Krull-Schmidt category with a recollement of
abelian categories as in (2.10). If P — L is a projective cover in A of a simple
object L € A%, then i*P — i*L is a projective cover in Az. In particular, if A

has enough projectives then so does Ayz.

Proof. Since i* is the left adjoint of an exact functor it preserves projective ob-
jects. For any simple object L' € A%, Hom, (i*P,i*L') = Homy(P,i,i*L') =
Hom 4 (P, L’). The result follows. O
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Proposition 2.3.7. Suppose A is an abelian category with a recollement as in
(2.10). Let X and Y be objects in Ay. If X — Y is an essential surjection
in Ay then the composition HX — ji. X — ji.Y is an essential surjection in A.

In particular:
(i) The canonical surjection X — ji. X is essential.

(ii) If P — X is a projective cover of X in Ay then jiP — 7 X — ji.X is a

projective cover of 71, X in A.

Proof. Let ¢ : X — Y be an essential surjection in Ay. The map ¢’ : 71X —
JisX — 51 Y is surjective by Proposition 2.2.5(i). Let a: X’ — X be a morphism
in which ¢ o « is surjective. Now, j'(¢) = ¢ : X — Y and since j' is exact,
(¢ o) = poj'(a):j' X' = Y is surjective. Since ¢ is essential it follows that
j' (@) : 7' X’ = X is surjective in Ay and so jij'(a) : jij' X' — 5 X is surjective in

A. The surjectivity of a follows from the commutative triangle

Xt 2 x

| =

X/
in which the downward arrow is the adjunction counit. O
The following result holds by an almost identical argument.

Proposition 2.3.8. The intermediate-extension functor preserves essential surjec-

tions and essential extensions.
The following is the main result of this section.

Theorem 2.3.9. Let A be an abelian length category with finitely many simple ob-
jects, and a recollement of abelian categories as in (2.10). If A is Ext!-finite then
A has enough projectives if and only if both Ay and Az have enough projectives.
Dually if A% is Ext!-finite then A has enough injectives if and only if both Ay

and Az have enough injectives.
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Before giving the proof of this theorem we will explain one important in-
gredient: the universal extension. Let A, B be objects in an abelian category
A in which End4(B) is a division ring and d := dimgy,q () ExtY (4, B) < oo.
We form the wuniversal extension £ € Exth(A, B®d) by the following process.
First let Eq,...,E; € Ext}‘l(A,B) be an Endy4(B)-basis. The diagonal map
A : A — A% induces a map Extl(A%? B¥Y) — ExtYy (A4, B®?). Let £ be the
image of 1 @ - - @ E4 under this map. That is we have the commutative diagram

with exact rows.

0 y B4 @D, Ei A%d 0
N
0 y B®d £ y A 0

Note that the End 4(B)-equivariant map Hom4(B%¢, B) — Extl(A, B) induced

by the short exact sequence
0= B% 5540

is surjective (this is easy to check on the basis of Exth(A, B)).

When By, ..., B, are objects in 4 in which each ring End 4(B;) is a division
ring and d; := dimgyq,(B)) Exth(A,Bi) < oo, we also talk about a wuniversal
extension & € Extl (A, @, Bi@di) constructed in the following way. Let & €
ExtYy(A, BY %) be a universal extension (as defined in the previous paragraph) and
define € to be the image of & @ - - ® &, under the map Ext (D, A, @, B¥%) —
ExtY (A, @; B®%) induced by the diagonal map A : A — A®? Then £ has the

property that the short exact sequence

0+ EPB¥ - A0
i
induces a surjection Hom 4 (€D, Bi@di7 Bj) — Extl (A, B)) for each j =1,...,n.
Dually, if End4(A)? is a division ring and dimgpg , (4)or Ext!(A, B) < oo then
one can form a universal extension & € Ext! (A%, B) using the codiagonal map

§ : B9 — B instead of the diagonal map.
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Proof of Theorem 2.3.9. Suppose that Ay and Az have enough projectives.
Suppose A has simple objects L, ..., L, with projective covers P, ..., P,
in A%. Suppose AU has simple objects Ly i1, ..., Lmin. By Proposition 2.3.7
every simple object in A" has a projective cover in A. It suffices to construct a
projective cover in A of each simple object in AZ. This amounts to finding, for
each 1 <t < m, a projective object, P;, whose unique simple quotient is L;.
Fix1<t<m.
Step 1. Define P;. For simple object Ly, € AY, let Py, denote its projec-

tive cover in A. Define @) to be a maximal length quotient of

n ) _
p._ @ P@ dimgng 4 (z,, ;) BxtU (PrsLm k)
T m+k
k=1

in which there is an extension

0+Q—>E—P—0 (2.12)

inducing an isomorphism Hom4(Q, L) ~ Ext}A(pt, L) for each L € AY. That is
0 = Hom(P;, L) ~ Hom4(&, L) and ExtY(&, L) injects into ExtY (Q, L).

Let P; be any choice of such £.

Step 2. P, is well-defined. To show that the maximal quotient () exists, we
just need to find one quotient of P with the required property. Then since A is a
length category there exists a maximal length quotient with the required property.

Since A has finite Ext!-spaces, we can let

n . —
R= @ LEB dimEnd 4 (L, 1) Extly (P, Lo yk)
- m—+k

k=1
and form the universal extension

0>R—-E—P =0

Since this is a universal extension it induces a surjection Hom 4(R, Ly, 1) —

ExtY (P, Lim+k) for each Ly, € AY. This map is an isomorphism since

dimpng (L, ) HomA(R, Ly ix) = dimpgaa (2, ) Extl(Pry Link)-
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Step 8. P, has unique simple quotient L;. By definition of P; and by the

(7*, 4, )-adjunction, for any simple module L € A:
Homy (P, L) ~ Hom 4(Py, L) ~ Hom 4 (Py,i4i*L)

and so the only simple quotient of P, is L; with multiplicity one.
Step 4. Py is projective. We show that Exti‘(Pt, L) = 0 for each simple L € A.

For any simple L € A there is an exact sequence
0 — Ext4 (P, L) — Ext4(Q, L) — Ext’ (P, L) (2.13)

Indeed if L € AU then this holds because Hom4(Q, L) ~ ExtL (P, L). If L € A?
then (2.13) holds since AZ is a Serre subcategory of A and so Extl (P, L) = 0.
It suffices to show that the third map in (2.13) is injective for any L € A.

Suppose for contradiction that there is a nontrivial extension
0-L—-Q -Q—0 (2.14)

in the kernel of this map. Then there is an object £ € A fitting into the following

diagram

i
<
i
<
i
<

i
<
i
<
i
<

0 L £ P, 0 (2.15)
0 0 P, P, 0
0 0 0

in which each row and column is exact. For each L' € AY the sequence (2.14)

induces an exact sequence
0 — Homy(Q, L") — Hom4(Q', L") — Hom(L, L")

Of course, Hom4(L,L') = 0 if L # L’. If L = L’ the third map must be zero.
Indeed if f : L — L factors through the inclusion ¢ : L — Q' viaamap g : Q' — L,
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then f~'og:Q — L is a retraction of .. This contradicts the assumption that
(2.14) does not split. Hence, for any L’ € AY, the middle column of (2.15) induces

an isomorphism
Homy(Q', L') ~ Homy(Q, L) ~ ExtY (P, L'). (2.16)

Since P is projective the quotient P — @ fits into the diagram

P
.
Q —Q
Now ¢ cannot be surjective, as, by (2.16), this would contradict the maximality

of Q. Thus the image of ¢ is isomorphic to @ and so the sequence (2.14) splits.

This is a contradiction. Hence F; is projective. O

Corollary 2.3.10. Let A be an abelian category with a stratification in which every
strata category is a length category, and has finitely many simple objects.

If A is Ext!-finite (respectively A% is Ext'-finite) then A has enough pro-
jectives (respectively injectives) if and only if every strata category has enough

projectives (respectively injectives).
Proof. For A € A, let j!); : Ay — A be the composition

It
A, —— AW(—> A

where {\} = {z € A | u <A}

By Proposition 2.2.6, every category Ap:s (for closed A’ C A) satisfies the
conditions of Theorem 2.3.9. So we can obtain a projective cover in A of any
simple object jf;L by repeatedly applying the construction in the proof of Theorem
2.3.9 to larger and larger Serre subcategories of A. O

The following corollary follows immediately from Proposition 2.3.4 and Corol-
lary 2.3.10.

Corollary 2.3.11. Let A be a k-linear abelian category with a stratification. Then

A is finite over k if and only if the same is true of every strata category.
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From this result we recover the following result of Cipriani-Woolf.

Corollary 2.3.12 (Corollary 5.2 of [CW22]). Let X be a variety with a good strat-
ification X = (Jycp Xx, and k be a field. Then the category P(X,k) of perverse
sheaves (for any perversity function) is finite over k if and only if each category

kimi(Xy)]-mody, is finite over k.

For example, if X has a stratification X = (J,c, X in which each X has
finite fundamental group, then the category P(X,k) is finite over k.

Corollary 2.3.13. Let G be an algebraic group and let X be a G-variety with finitely
many orbits, each connected. Let k be a field. The category, Pg(X,k), of G-
equivariant perverse sheaves is finite over k if and only if for each G-orbit Oy and

x € Oy, the category k|G /(G*)°]-mody, is finite over k.

2.4 Standard and costandard objects

In this section we focus our attention on abelian length categories A with finitely
many simples, enough projectives and injectives, and admitting a stratification
by a poset A. For such a category, let B be a set indexing the simple objects up
to isomorphism. Let L(b) be the simple object corresponding to b € B. Let P(b)
and I(b) be the projective cover and injective envelope of L(b).

For each A € A, write A<y = Aguen | u<r) and let jt + Ay — A be the
composition

.A)\L.AS,\(—>A

Define j2 : Ay — A and j!),‘ﬁ : Ay — A likewise. Let j* : A<y — Ay denote the
Serre quotient functor.

By Proposition 2.2.4, for every simple object, L(b) € A, there is an A € A in
which L(b) = j)Lx(b) for a simple object Ly(b) € Ay. Define the stratification
function p : B — A that assigns to each b € B the A € A in which L(b) = j} L (b).
Let Py(b) and I,(b) be the projective cover and injective envelope of the simple
object Ly(b) in Aj.
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Define the standard and costandard objects:
A) =G Pab), V() = (),

where A = p(b). Note that since j{\ and j are fully-faithful, these objects have
local endomorphism rings and are hence irreducible. Note also that if p(b) > p(¥)
then

Hom 4 (A(b), A(V)) = 0 = Hom4(V ('), V(b)) (2.17)

Indeed the only simple quotient of A(b) is L(b), and all simple subobjects, L(b"),
of A(b') satisfy p(b') > p(b"). Likewise the only simple subobject of V(b) is L(b),
and all simple quotients, L(b"), of V (V') satisty p(b') > p(b").

The following original result follows from the proofs of Theorem 2.3.9 and

Corollary 2.3.10.

Porism 2.4.1. Suppose A is an abelian category with a stratification by a finite
poset A, in which every strata category is a length category with finitely many
simple objects. Let p: B — A be the stratification function for A.

If A has enough projectives then for each A € A and b € p~()\), the projective

indecomposable object P(b) € A fits into a short exact sequence
0— Q(b) — P(b) - A(b) = 0

in which Q(b) has a filtration by quotients of A(b') satisfying p(b") > p(b).
If A has enough injectives then for each A\ € A and b € p~(\), the injective

indecomposable object 1(b) € A fits into a short exact sequence
0— V()= I(0b)—Q'(b)—0
in which Q'(b) has a filtration by subobjects of V (V') satisfying p(b') > p(b).

Proof. We just prove the first statement by induction on the size of A. The base
case A = () is vacuously true.

Consider the projective cover, P(b), of simple object L(b) in A. If p(b) is
maximal then P(b) ~ A(b) and the result holds. Suppose p(b) is not maximal,
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and let 4 € A be a maximal element. Consider the recollement

it Jx
Let P.,(b) and A.,(b) be the projective indecomposable and standard object in
A<, corresponding to the simple object i*L(b) € A~,. By induction there is a

short exact sequence
0 —= Q<u(b) = Pep(b) = Acpu(b) =0

in which Q< (b) has a filtration by quotients of standard objects A, (b') satisfying

p(b') > p(b). Since i, is exact we get the following short exact sequence in A:
0 = .Q<p(b) = i Pey(b) = A(b) = 0 (2.18)

and i,Q<,(b) has a filtration by quotients of standard objects A(b') satisfying
w > p(b') > p(b). By applying the construction in step 1 of the proof of Theorem
2.3.9, P(b) fits into the short exact sequence in A:

0= Qub) = P(b) = ixP<y(b) = 0 (2.19)

and Q,(b) is a quotient of a direct sum of standard objects of the form A(b) in
which p(b') = p. Combining (2.18) and (2.19) gives the following diagram with

exact rows and columns:

0 0 0
0 —— Qub) —— Q,;(b) 0 0
0 Qb) PO A() —— 0

The result follows.
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Two natural questions to ask at this point are: Given an abelian category A

as in Porism 2.4.1,

e Under what conditions do projective indecomposables in A have a filtration

by standard objects?

e Under what conditions do injective indecomposables in A have a filtration

by costandard objects?

One sufficient condition for both of these statements to hold is the condition that
the stratification is 2-homological and all strata categories are semisimple (Lemma
2.5.3). In this case A is a highest weight category (see Theorem 2.5.2).

Categories in which projective and/or injective indecomposable objects have
filtrations by standard and/or costandard objects have been widely studied, begin-
ning with Cline-Parshall-Scott’s definition of highest weight category in [CPS88].
Categories whose projective indecomposables have filtrations by standard ob-
jects where originally studied by Dlab [D1a96] and by Cline, Parshall and Scott
[CPS96], where these are called standardly stratified categories. Categories in
which both projective objects have a filtration by standard objects and injective
objects have a filtration by costandard objects have been studied by various au-
thors (see e.g.[Fri07], [CZ19], [LW15]). These situations all fit into the framework
of e-stratified categories (due to Brundan and Stroppel [BS18]). For the remainder
of this section we recall the definition of an e-stratified category and conjecture
when a recollement of abelian categories is an e-stratified category.

For b € B and A = p(b) € A, define proper standard and proper costandard
objects

Ab) = GrLa®D),  V(b) = j2La(D).

For a sign functione : A — {£}, define the e-standard and e-costandard objects

Il
4

_|_

A(b) = A(b) if e(p(b)) V.b) = V(b) if £(p(b))
T Aw tepoy=— " T | V) if=(ob)

The following definition is due to Brundan and Stroppel [BS18].
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Definition 2.4.2. Let A be a finite abelian category enriched over an algebraically
closed field k. Suppose A has a stratification by a poset A and stratification
function p : B — A. Let ¢ : A — {+,—} be a function. Say that A is an

e-stratified category if it satisfies the following equivalent conditions:

(e-S1) For every b € B, the projective indecomposable P(b) fits into an exact

sequence

0—U(b) — P(b) = A(b) -0
in which U(b) has a filtration by objects of the form A.(b'), where p(b') >
p(b).
(e-S2) For every b € B, the injective indecomposable I(b) fits into an exact sequence
0— V(b)) = I(b)—=U(b) =0
in which U’(b) has a filtration by objects of the form V.(b'), where p(b') >
p(b).

The equivalence of statements (e-S1) and (e-S2) is shown in [ADL98, Theorem
2.2]. A proof of this fact can also be found in [BS18, Theorem 3.5].

This definition leads to the following question.

Open Question 2.4.3. Let A be an abelian category with a stratification by a finite
poset A. Find necessary and sufficient conditions for statements (e-S1) and (£-S2)

to hold.

To state our conjectured answer to this question we need the following defini-
tion. For a function € : A — {4}, say that a stratification of an abelian category

A by a poset A is an e-stratification if for all A € A the following hold:
(i) If £(A) = + then the functor j7 : Ay — A is exact.
(ii) If e(A) = — then the functor j{ : Ay — A is exact.

Brundan and Stroppel show [BS18, Theorem 3.5] that if A is an e-stratified
category then the stratification of A by A is an e-stratification. We conjecture

that the converse is true when the stratification is 2-homological.
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Conjecture 2.4.4. Let A be an abelian length category with finitely many simples,
enough projectives and injectives, and admits a 2-homological stratification by a
finite poset A. Then, for any e : A — {£}, conditions (£-S1) and (¢-S2) hold if

and only if the stratification of A is an e-stratification.

One case in which Conjecture 2.4.4 is known to be true is if A has a 2-
homological stratification in which every strata category is semisimple. In this
case, A has an e-stratification for every function € : A — {£}. Moreover, A is

e-stratified for every function € : A — {£} (see Lemma 2.5.3 below).

2.5 Highest weight categories

In this section we give necessary and sufficient conditions for a finite abelian
category with a stratification by a poset A to be a highest weight category with
respect to the poset A. This result is not original. Indeed, a version of this result
(stated without the terminology of stratifications of abelian categories) is shown
in [Kral7, Theorem 3.4].

The following definition is due to [CPS88]!.

Definition 2.5.1 (Highest weight category). Let k be a field. Say that a k-linear
abelian category A is a highest weight category with respect to a finite poset A if
A is finite over k, and for every A € A there is a projective indecomposable, Py,

that fits into a short exact sequence in A:
0—>Uy,— P,—A\—0
in which:
(HW1) End4(A)) is a division ring for all A € A.
(HW2) Homy(Ax, A,) = 0 whenever A > p.

(HW3) U, has a filtration by standard objects A, in which A < p.

!The definition of highest weight category used here is stronger that that used in [CPS88]. The
paper [CPS88] allows highest weight categories to be locally artinian, whereas we only consider

highest weight categories that are finite over a field k.
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(HW4) )¢y Py is a projective generator of A.

Theorem 2.5.2. Let k be a field, and let A be a k-linear abelian category. The

following are equivalent:
(i) A is a highest weight category.

(ii) A has a homological stratification with respect to A in which every strata
category is equivalent to mod-I"y for some finite dimensional division algebra

Ty.

(iii) A has a 2-homological stratification with respect to A in which every strata
category is equivalent to mod-I"y for some finite dimensional division algebra

L.
We begin with a lemma.

Lemma 2.5.3. Suppose A is an Ext!-finite abelian category with a 2-homological
stratification with respect to a finite poset A, in which every strata category is
semisimple with finitely many simple objects. Let p : B — A be the stratification
function for A. Then for each b € B, there is a projective object P(b) that fits

into a short exact sequence
0—=U()— P(b) = A(b) =0
in which U(b) has a filtration by standard objects A(Y') in which p(b) < p(b').

Proof. Let A be an Ext!-finite abelian category. Suppose A fits into a 2-homological
recollement as in (2.10), and Ay is semisimple.

Suppose AZ has simple objects L1, ..., L, with projective covers P, ..., P,,
in AZ. Suppose Ay has simple objects I~/m+1, e i}m+n. Then if Ay is semisimple
the simple objects L, 1§ := j!*f/m+k € AY have projective covers Pt = jgf,m+k
in A. For L; € A?, the projective cover, P, of L; in A is constructed by the
following process (originally due to Krause [Kral7, Theorem 3.4]).

Fix 1 <t < m. Note that each endomorphism ring, End 4(P,,+x), is a division

ring since j is fully-faithful. Hence we can define the universal extension

0—>@Pfii’§g—>3—>]5t—>0
i
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where dj, := dimgpg 4 ) Exth(l-:’t, Pi). Now, P, has a filtration by standard

Pm+k
objects. We show that P, is projective in steps.

Step 1. Extﬁ\(Pt, —) wanishes on A% for all 1 < ¢ < 2. Since the recollement
is 2-homological we have that Ext% (P, X) = 0 = Ext) (@, Pﬁ?i’jﬂ,X ) for all
X € A%, The result follows.

Step 2. Extil(Pt, —) vanishes on the essential image of j;. Since Ay is semisim-
ple it suffices to show that Exth(Pt, P y1) =0 for all 1 <1 < n. This holds since

the first map in the following exact sequence is surjective:

Hmm4€B Ok Prst) = ExtYy(P, Poyt) — ExtY (P, Progy) — 0

Step 3. Exth(Pt, X) =0 for all X € A. Consider the exact sequence
05K —jjX —>X—=id*X =0
with K € AZ. Split this sequence into two short exact sequences:

0= K—jj'X =X =0
0=-X' - X =i X =0

By the previous steps we have exact sequences

0 = ExtYy (P, j1j' X) — ExtYy (P, X') — Ext% (P, K) =0
and

0 = ExtY (P, X') — ExtY (P, X) — ExtY (P, i,*X) =0

It follows that P, is the projective..
By using an induction argument similar to that used in the proof of Porism
2.4.1, the result follows.
O]

Proof of Theorem 2.5.2. We proceed in steps.
Step 1. (i) implies (i1). If A is a highest weight category with respect to A,
then a homological stratification of A by A is constructed as follows: For a closed

subcategory A’ C A define A+ to be the Serre subcategory of A generated by the
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standard objects Ay in which A € A’. Then for any maximal u € A’ there is a

homological recollement of abelian categories
i* Jt

AA’ = mod- End_A(A)\)

A}

A~

it Jx
in which j' = Hom 4,, (A, —) (see the proof of [Kral7, Theorem 3.4]).

Step 2. (ii) implies (iii). This is obvious.

Step 3. (iii) implies (i). Suppose A has a 2-homological stratification with
strata categories of the form Ay = mod-T"y for a finite dimensional division ring I".
Then A is finite (either by Corollary 2.3.11, or by Lemma 2.5.3 and Propositions
2.2.6 and 2.3.4). Let L) denote the unique simple object in Ay. Define Ay := j!)‘L/\
and let Py be the projective cover of jiLy in A. Statement (HW1) holds since
Ji is fully-faithful, statement (HW2) is exactly equation (2.17), statement (HW3)

follows from Lemma 2.5.3, and statement (HW4) is obvious. O

Example 2.5.4. The category of perverse sheaves over a space stratified by finitely
many affine spaces is always a highest weight category (see e.g. [BGS96, Theorem
3.3.1]). For example, for a Borel subgroup B of a complex reductive Lie group
G, the perverse sheaves on the flag variety G/B with respect to the stratification
into B-orbits is a highest weight category (this is the category of B-equivariant

perverse sheaves on G/B)?.

Example 2.5.5. Consider the closed subvariety N C gl,,(C) consisting of nilpotent
elements. The group G := GL,(C) acts on N by conjugation. For a partition
A= (A1,..., ) of n, let Oy be the G-orbit in N consisting of nilpotent matrices
whose Jordan form consists of Jordan blocks of sizes A1, ..., Ayy. The closure order
for the strata is given by the dominance order on partitions [Ger59] i.e. Oy C O,
iff A+ -+ X < pp+-- - pg for all k > 1 (where partitions are extended by zeros
at the end if necessary). Mautner [Maul4, Theorem 1.1] shows that this category

is equivalent to the category of finite dimensional modules of the Schur algebra

2This category is equivalent to the principal block of the BBG-category O (see e.g. [BGS96,
Proposition 3.5.2])
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Sk(n,n). A consequence of this equivalence is that the category Pervg (N, k) is a

highest weight category with standard objects
A(N) =PH (hyke, [dim O,])
and costandard objects
V(A) :=PH(hykp, [dim O,]),
where hy : Oy < N is the inclusion (see e.g. Proposition 4.5.1).

More recent examples in which a stratified abelian category is shown to be a
highest weight category include [BM19, Theorem 6.8|, [BR22, Theorem 7.2|, and
[Gou22, Theorem 5.2].

2.6 Appendix: Recollements and ¢-structures

In this appendix we prove a result of Beilinson-Bernstein-Deligne [BBD82, Propo-
sition 1.4.16]. This statement says that given a recollement of triangulated cat-
egories with t-structure, one obtains a recollement of abelian categories on the
hearts of the t-structures by taking zero-th cohomology.

Recall that a t-structure on a triangulated category D is a pair (D=, DY) of

full subcategories (stable under isomorphism) satisfying the conditions:
(T1) If X € D=V, Y € D=° then Homp(X,Y[-1]) = 0.
(T2) If X € D=0 then X[1] € D=C. If Y € D20 then Y[-1] € D=°.
(T3) If X € D then there is a unique triangle
=X = X = (r2°X)[-1] —
where 759X € D=0 and 720X ¢ D=9,

The definition of ¢-structure is originally from [BBD82]. We refer the reader
to [HTTO08, Chapter 8] for a good summary of the basic properties of ¢-structures.
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Remark 2.6.1. The uniqueness of the triangle in (T3) is redundant in this defini-
tion (see e.g. [HTTO08, Proposition 8.1.5]).

Recall that the assignments X ~— 759X and X + 729X extend to functors

750D - D=0 and 72° : D — D20 in which:
(i) 7= is right adjoint to the inclusion functor (=9 : D=0 — D.
(ii) 720 is left adjoint to the inclusion functor (=9 : D=9 — D.

(see e.g. [HTTO8, Proposition 8.1.4]) In fact the morphisms in (T3) are the unit
and counit of (a shifted version of) these adjoint functors. Write DY := D<0ND=0
for the heart of the t-structure and define the n-th cohomology functor H" :=
70720[p] . D — DY,

Fix a recollement of triangulated categories

¥ I

b=, p T L py, (2.20)

Dy

~

A~

!

il Jx

with fixed ¢-structures on Dz and Dy. Then there is a t-structure on D defined:

D= {XeD|i"X €Dy’ j*X €D’}
D' ={XeD|i'XeDy’ j'XeD.

We call this the BBD t-structure on D.
Say that a functor f : Dy — Do is

o left t-exact if f(DZ°) c D3P,
e right t-exact if f(DISO) C D;O.
e t-exact if it is both left and right t-exact.

The following proposition follows immediately from the definition of the BBD

t-structure.

Proposition 2.6.2. If a category D has the BBD t-structure then
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(i) iy =iy and j' = §* are t-ezact.
(ii) i* and ji are right t-exact.
(iii) i* and j. are left t-exact.

Theorem 2.6.3 (Proposition 1.4.16 of [BBDS82]). If D has the BBD t-structure

then the following is a recollement of abelian categories:

HO (i*)=r=%" HO(5)=">%
pa pa
N N

. . 1w
Q 15 =1 N (v} J =7 N v}
Dy > D > Dy

pa pa
Y )
HO(if)=7=0i! HO(j.)=1=0j.

Proof. Axioms (R2), (R3), (R4) are obvious. The adjunction pair (H(i*), 1)
follows immediately from the adjunction pair (72° o i* i, 0 1=0). The other ad-

junctions follow similarly.

O]

Remark 2.6.4. As a partial converse to this theorem, Psaroudakis [Psal4, Theo-
rem 7.2] gives conditions for when recollements of abelian categories induce rec-

ollements of triangulated categories.
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Chapter 3

Polynomial representations and

Schur algebras

In this chapter we summarise the basic theory of the Schur algebra Sg(n,d) =
Endgg d(®d k™), for any field k, and define a new product of Schur algebra mod-
ules corresponding to Krause’s internal product of polynomial functors defined in
[Kral3].

The origin story of Schur algebras begins with the work of Schur [Sch1901]
relating polynomial representations of G L, (C) with representations of the sym-
metric group S4. Green [Gre80] extended this work to the case that k is an
infinite field, taking an approach that emphasised the role of the Schur algebra.

In the next chapter we construct the Schur algebra via the Borel-Moore homol-
ogy of varieties related to the nilpotent cone of gl,,(C). This is a characteristic-free
version of Ginzburg’s construction [CG97, Proposition 4.2.5]. Using this geometric
version of the Schur algebra we give a new proof of Mautner’s [Maul4, Theorem
1.1] equivalence of categories between Si(n,d)-mod and the category of perverse
sheaves on the nilpotent cone of gl,(C).

The purpose of this chapter is two-fold. Our first aim is to set up the ba-
sic theory about Schur algebras that will be needed in our geometric applica-
tion. This occupies Section 3.1-3.5. Our second aim is to define a product

—X— : Sk(m, d)-mod x Sk(n,d)-mod — Sk(mn,d)-mod that corresponds, under
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Schur-Weyl duality, to the Kronecker product on k&, modules (and corresponds,
under the equivalence between the category of Schur algebra modules and strict
polynomial functors, to a version of Krause’s internal product defined in [Kral3]).

The fact that Krause’s product and the Kronecker product commute with
Schur-Weyl duality has been shown in [AR17]. The construction of our prod-
uct and it’s relation to Krause’s product occupies Sections 3.6 and Section 3.7
respectively, but depends on previous results introduced in Sections 3.1-3.5.

In Section 3.1 we recall the definition of Lusztig’s idempotented form of a com-
plex Lie algebra g, Uyg (originally defined in [Lus93]). We recall Doty’s [Dot03,
Corollary 6.13] result that identifies generalized Schur algebras (in the sense of
[Don86, Section 3.2]) with quotients of Uyg.

In Section 3.2 we define the Schur algebra Sk(n,d) as a quotient of ng[n and
recount basic facts about its representation theory. In particular we construct the
Schur-Weyl duality functor Fsy : Sk(n,d)-mod — mod-k&S,.

In Sections 3.3 and 3.4 we describe the contravariant duality functor
(—)° : Sk(n,d)-mod — Sk(n,d)-mod??
and external product
— ® — : Sk(n,d)-mod x Sk(n,e)-mod — Sk(n,d + e)-mod

respectively.
In Section 3.5 we recall some facts about double cosets of the symmetric group
by Young subgroups.

In Section 3.6 we define the homogeneous product
—X— : Sk(m, d)-mod x Sk(n,d)-mod — Sx(mn, d)-mod
and show that the following diagram of functors commutes:

Sk(m, d)-mod x Sk(n,d)-mod -, Sk(mn, d)-mod
Fsw X}—swl J/]:SW

mod-kGSy x mod-kSy; — 2~ mod-kS,
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In Section 3.7 we relate the homogeneous product to Krause’s internal product of
strict polynomial functors.

We include an appendix (Section 3.8) that recalls a basis of the Schur algebra
(due to Schur [Sch1901]) and shows that this basis is equal to another basis of the
Schur algebra constructed in [Tot97] and used in [Kral3] and [AR17]. This result
is not new (see e.g. [Reil6, Appendix]).

In a second appendix (Section 3.9) we recount a diagrammatic approach to
studying the Schur algebra that is described in [W19] and builds on the work in
[CKM14].

Throughout this chapter, we write [n] := {1,...,n}. Write v1,...,v, for the

standard basis of the vector space k™.

3.1 Integral Lie algebra representations

In this chapter we regard the Schur algebra as a quotient of Lusztig’s idempotented
enveloping algebra Ugl,,. This definition of the Schur algebra is due to Doty and
Giaquinto [DG02, Theorem 1.4] (we recall this definition of the Schur algebra in
Section 3.2).

In this section we motivate and recall the definition of Ugg, for a complex
reductive Lie algebra g. We recall a result of Doty [Dot03, Corollary 6.13] that
says that any generalized Schur algebra (in the sense of [Don86, Section 3.2]) is a
quotient of an idempotented enveloping algebra.

This result leads to a presentation of generalized Schur algebras by genera-
tors and relations (Proposition 3.1.3). This presentation is a refinement of the
presentation of generalized Schur algebras given in [Dot03]. This presentation is
known but is unpublished (it was told to me by Stephen Doty, but is essentially
proven in [CG97, Corollary 4.3.2] using different terminology). We will refer to
this presentation in Chapter 4.

Let g be a complex reductive Lie algebra of rank n, with decomposition g =

5 @ a into semisimple and abelian parts. Fix a Cartan subalgebra ) C s and for
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A € b* define
gy :={zx eg|[h,z] =A(h)zx for all h € h}.

Define the root system ® = {\ € h* | g\ # 0} C h*.

Let a1, ..., adimp be a choice of simple roots in ® and let {e;, fi, hi}ic[dimp) De
Chevalley generators of s with respect to this choice of simple roots i.e. choose
€i € Gays Ji € 9—a, s0 that h; := [e;, fi] € b satisfies a;(h;) = 2. Let (a;j) be the
Cartan matrix of s i.e. a;; = a;(hj).

The Lie algebra s has a presentation by generators {e;, f, hi}ie[dim p) and the
Chevalley-Serre relations (see e.g. [Ser87, Chapter IV, Appendix]):

[hi, hj] =0, [ei, f5] = bijhi, (3.1)
[hi, e5] = agej,  [hi, f3] = —aij fj, (3.2)
(adeq)! ey = 0 = (ad f) 1" 5 (i # j). (33)
Here ad(e;) refers to the adjoint action [e;, —] : g — g.

Define the Cartan subalgebra t = h © a C g and let Agimp+1,-- -, hn be a basis
of a. Let
A={ et | \Nhy)€Zforalli=1,...,n}

be the weight lattice of g. Let
AT i={AeA|Ah;) >0foralli=1,...,dimb}

be the set of dominant weights. Define the dominance orderon A: A < pif u— A
is a positive root i.e. u— A € Nag + - - - Nagimp-

The Weyl group, W, of g is the group of automorphisms t* — t* generated
by the reflections s; : A — A — A(h;)ay for i € [dim b] (here we think of a; as an
element of t* by setting a;(x) = 0 for all x € a). The weight lattice A C t* is
invariant under W and every A € A is in the W-orbit of a unique A™ € A™. In
particular A = (Jycp+ WA

We restrict our attention to g-modules M with a weight space decomposition,

M = @ycp M)y, where
My={meM|z-m=A\ax)m for all x € t}
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is the A-weight space of M. We call such modules integral g-modules. Integral
g-modules can be viewed as modules over a related algebra, U(cg, first studied by

Lusztig [Lus93, Part IV]. We recall the definition of this algebra now.

Definition 3.1.1 (Lusztig’s idempotented enveloping algebra U(cg). Letg=s5®a
be a complex reductive Lie algebra of rank n. Let A be the integral weight lattice
of g and let (a;;) be the Cartan matrix of s. The C-algebra Ucg is generated by
elements E;, F; for i € [ranks], and 1) for A € A. These satisfy the relations

1)\1/1 = (5)\#1)\,

Eily =1 1o, i, Fly=1,_4,F;

EiF; = FiE; (i #j),

(3.4)
(3.5)
E;Fi1) = F,E;1y + \(h)1y, (3.6)
(3.7)
ad(E;)' " E; =0 = ad(F))' " F, (i # j). (3.8)

There is an obvious equivalence of categories between the category of integral
g-modules and the category of modules over Ugg. More precisely, each integral
g-module M corresponds to the U@g—module M, in which 1, acts by projection
onto the A-weight space (and the action E;, F; on M is the same as the action of
the Chevalley generators e;, f; on M).

Define the Z-algebra, Uzg, to be the Z-subalgebra of U(cg generated by the
elements

g0 . _E po

’ v r!

and all the idempotent generators 1y. For a field k, let
ng =k ®z Uzg.

Example 3.1.2 (U@g[n). Let g = gl,, and t C gl,, be the space of diagonal matrices.
Let g; € t* be the dual of the matrix e;;, and a; = ¢; — g;41 € t*. The «a; form a
complete set of simple roots. The weight lattice, A, of gl,, is the Z-span of the ¢;.
We identify elements of A by their coordinates in Z™ with respect to this basis.
For example, we write a; = (0,...,0,1,—1,0,...,0) € Z", where the 1 is in the

i-th position.
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The algebra Ucgl,, is generated by elements E;, Fj, for i € [n — 1], and idem-
potents 1y for A € Z™. These satisfy the relations

1y, = 0xuln, (3.9
Eily = Ixta, B,  Filx = 1x_o, L5, (
EiF;1) = FiE 1y + (A — A1) 1y, (
EF; = F;E; (i #j), (

EiE; = E;E;, FiF;=FF (li—j|>1), (3.13
BB, = B By + BE® (i —j] =1), (
FFF; = FOF+ B (i - j]=1). (

For the remainder of this section fix a reductive Lie algebra g = s & a with
set, AT, of dominant weights. Let 7 denote a finite closed-downwards subposet
of AT.

The category of finite dimensional Uc g-modules, Uc g-mod, is semisimple, and
the simple objects are (up to isomorphism) in bijection with the set of dominant
weights. More precisely, each A € A", corresponds to the simple module, Ly, with
highest weight .

Doty [Dot03, Corollary 6.13] shows that for a finite closed-downwards subposet
7 C A, the two-sided ideal (1, | A € AT\ 7) C Ucg is the ideal of all elements
of Ucg that annihilate every simple module Ly for A ¢ 7.

In particular the following categories are equivalent:

1. The category of modules M € Ugg-mod whose simple composition factors

are of the form L, for \ € 7.

2. The category of modules M € Ugg-mod in which 1yM = 0 whenever \ €
AT\ 7.

3. The category of finite dimensional modules of the algebra

Sc(m) := Ucg/(1x | A € AT\ 7).
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For a field k, define the algebra
S]k(ﬂ) = ng/<1)\ ’ AE AT \7T>

For any Ug—module M, there is a linear isomorphism 1 M ~ 1,M whenever the
weights A and p are in the same Weyl group orbit (see e.g. [Ser87, Chapter VII,
Section 4, Remarks]). In particular 1M = 0 if and only if 1,M = 0 for every
1€ WA It follows that

S]k(ﬂ') = ng/<1)\ | A ¢ W7T>.
Two immediate properties of Sk(7) worth mentioning are the following:
(i) The algebra Si(7) has an identity element 1 = 3, ;- 1.

(ii) The elements El.(r) and Fi(r) of Sk(m) are nilpotent. Moreover these elements

are equal to 0 for large enough r. To see this, note for instance that

B = S L= Y bl
AeA(n,d) AeA(n,d)

is equal to zero for large enough r (since 7 C AT is finite).

Donkin [Don86, Section 3.2] defines the generalized Schur algebra Si(m) as the
quotient of the universal enveloping algebra, U g, by the ideal of all elements that
annihilate every simple module, Ly, in which A\ ¢ 7. This algebra is generated
by the Chevalley generators e;, f;, h; (for i € [dim b]) of s, together with a basis,
hdimp+1, - - - hn, of a. Doty [Dot03, Corollary 6.13] shows that the algebra map
S¢(m) = Sc(m) defined by

e By, fimr Fy, o hie Y Akl (3.16)
AW T
is an isomorphism. In particular, for any field k, the category Sk(m)-mod is a
highest weight category with respect to the poset 7 (see e.g. [Dot03, Theorem
5.4]).

The following unpublished result was told to me by Stephen Doty. The proof
of this result follows closely the proof of a similar result of Ginzburg [CG97,
Corollary 4.3.2].
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Proposition 3.1.3 (Doty’s Presentation of Generalized Schur Algebras). The gen-
eralized Schur algebra Sc () is the unital C-algebra generated by E;, F; for i €
[ranks], and 1) for A\ € A, and satisfying relations (3.4)-(3.7) together with the

relations

=0 (A¢Wn) (3.17)
Y =1 (3.18)

Proof. By definition, Sc() is generated by the E;, F;, 1y, and satisfies the rela-
tions (3.4)-(3.8) that define Ucg, together with the additional relations (3.17) and
(3.18). It remains to show that Relation (3.8) is redundant in this presentation.

For each j € [ranks], there is a Usly-action on S () defined by
e -z = ad(ej)z, [z =ad(fj)z, h -z =ad(hj)z.

If i # j, then f-e; = 0 and h - e; = a;je;. In particular (and since a;; < 0),
the submodule of S¢.(7) generated by e; is the simple module with highest weight
—a;j. In particular, el=%i . e; = 0. By a similar argument, f1=% - f; = 0. The

result follows. O

3.2 Schur algebras and Schur-Weyl duality

In this section we recall the definition of the classical Schur algebra and recall the
statement of Schur-Weyl duality.
Let g = gl,(C) (where n € N) and let k be a field. Say that a Ugg-module M

is polynomial of homogeneous degree d if M has a weight space decomposition

M= P M,

AEA(n,d)

where

An,d) = {(A1, ..., M) €N" | D\ =d}

is the set of weak compositions of d of length n. Some examples include
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(1) The module E := ®®k". Indeed consider the right action of G4 on E given

by permuting tensor factors i.e.
Ul@@fudazvo_(l)@@fua(d)
For A € A(n,d) define vy € E by

(Y :’Ul®®v1®v2®®v2®®vn®®vn
- —_————

A1 times A2 times An times

Then E) =klvx - Gp] and E = D¢y .0y Er-

(2) The d-th divided power T?k™. This is the submodule of E consisting of

S, -invariants.

(3) The d-th symmetric power STk™. This is the space of &,-coinvariants of E.
i.e. SUk™ is the largest quotient of E in which &,, acts trivially.

(4) The d-th exterior power AY%™. This is the largest quotient of E in which

G,, acts via the sign representation.

Write 735 4 for the category of left finite dimensional polynomial representa-
tions of Ugg of homogeneous degree d. The category P;lid is equivalent to the

category of finite dimensional left modules for the Schur algebra:
Si(n, d) == Uig/(Lx | A & A(n, d)).
Note that Sk(n,d) is the generalized Schur algebra corresponding to the set,
AT (n,d) == {(A1,.. ., ) €A, d) | A1 > ... > A}y
of dominant weights in A(n,d).

Remark 3.2.1. Schur algebras were first studied by Schur [Sch1901] in the case
k = C, and later by Green [Gre80] in the case that k is an infinite field. Neither
of these sources construct Schur algebras in the same way as they are defined
here (we recall the original definition in Section 3.8). The equivalence between

our definition of Sk(n,d) and the classical definition is due to Doty and Giaquinto
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[DGO02, Theorem 1.4] (see also [DGS09]). If k is an infinite field then the polyno-
mial representations of U]kg correspond to polynomial representations of GL,, (k)

in the classical sense (see e.g. [Gre80, Section 3.2]).

The Schur algebras fit into a sequence of algebra embeddings
Sk(1,d) = Sk(2,d) = -+ — Sk(n,d) = Sk(n+1,d) — ---

in which each embedding maps 1) — 1, ), EZ.(T) — EZ.(T)7 and Fi(r) — Fi(r). The
corresponding induction functors 7757 q— 77}1‘ +1.q are fully-faithful and equivalences
of categories when n > d.
Define the category of degree d polynomial representations, Pcﬂl‘, as the colimit
of categories
k k : k
P; = POO’d = nh_)rgo Pn,d'
Define the infinite Schur algebra
Sk(00,d) := lim Sk(n,d).

n—o0

The algebra Sk(oo,d) is generated by elements of the form EZ.(T), FZ.(T), for ¢ > 1,
together with idempotents 1y, for A in the set, A(co,d), of infinite sequences of
non-negative integers with finitely many nonzero entries and whose entries sum
to d.

The category P(Hj is equivalent to the full subcategory of Sk(co,d)-Mod con-
sisting of modules, M, in which the Sx(n,d)-module M(n) := @ycp(nq) 1AM is
finite dimensional for all n € N. Here we think of A(n,d) C A(co, d) by appending
zeroes to the end of sequences. Examples of such modules include ®d koo, Tk,
Sk AdK>.

The algebra Sk(n,d) is semisimple if and only if chark = 0 or chark > d (see
e.g. [Gre80, Corollary 2.6e]). The following is well-known and we include it here

without proof.

Theorem 3.2.2 (Schur-Weyl Duality). Letn € N orn = co. The actions Sk(n,d) ~

®d k™ A~ k&4 commute. Moreover the representation map
® : Sp(n,d) — Endye, (Q k™)
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is an algebra isomorphism. The representation map
d
U kGd — EndSk(n,d) (® kn)
s surjective in general, and an isomorphism when n > d.

For a proof that ® is an isomorphism see [DG02, Theorem 1.4]. For a proof
that ¥ is an isomorphism when n > d see [Bry09, Lemma 2.4].

Schur-Weyl duality has the following well-known corollary (see e.g. [Gre80,
Section 6.2] for a proof).

Corollary 3.2.3. Let n > d. The functor

Fow = Homg, (;, ) (Q7K", =) : P ; — Mod-k&,
is exact, full, and essentially surjective. Moreover if chark = 0 or chark > d,
then Fsw is an equivalence of categories.

We call Fgw the Schur-Weyl duality functor.

3.3 The contravariant duality functor (—)°: P¥, — (Py ;)

Consider the involutory algebra isomorphism (—)* : Sk(n,d) — Sk(n,d)°P that
interchanges EZ-(T) 77777
call this the transpose map.

There is an equivalence of categories (—)° : Sk(n,d)-mod — Sk(n, d)-mod?”
that maps a module M to the module, M°, whose underlying vector space is the

linear dual M* = Homy (M, k) and with action
(z- f)(m) = f('-m)  for f € M*, € Sx(n,d), m € M.

The module M?° is called the contravariant dual of M.

The following proposition is useful for calculating contravariant duals.

Proposition 3.3.1. Let M, N be objects in Pilf’d. There is a bijective correspondence
between morphisms f : M — N° and k-bilinear forms (—,—) : M x N — k
satisfying the property

(z-m,n) = (m,2" - n) for all x € Sk(n,d), me M, n e N.
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Proof. Given a morphism f : M — N° the corresponding bilinear form is defined

(m,n) = f(m)(n). O

Example 3.3.2. The Si(n,d) module E = ®%k" is equal to it’s contravariant
dual. Indeed there is a non-degenerate bilinear form (—, —) : E ® E — k defined
by

(Ui1 R ® Vi, Vj, ® - ® Ujd) = 52.1].1 .. '5idjd'

Likewise, (T?k™)° ~ S9k™ and (A%k")° ~ Adk™.

The following proposition follows immediately from the definitions.

Proposition 3.3.3. There is an equivalence of categories (Pﬂéd)Op ~ mod-Sk(n, d)
defined by sending a left Sx(n,d)-module M to the right Sx(n,d)-module with the

same underlying vector space and with Sk(n,d)-action

m-x=2x""-m for x € Sk(n,d),m € M.

3.4 The external product — ® — : Pfid X 775@ — PE,CH@

It is well known that for any gl,-modules M, N, the space M ®) N carries a
natural gl,-module structure. In this section we construct the Schur algebra
analogue of this construction. We will then use this product to characterise the
projective and injective modules in 73“7; 4 and give an alternate description of the
Schur-Weyl duality functor.

First define the algebra map A%¢ : Sy(n,d + €) = Sk(n,d) ® Sk(n,e) by:

ED =Y EN B, Fe Y FEPe R,
k=0 k=0

1y — Z 1, ®1,.

neA(n,d)
veA(n,e)
pntv=A

We call A%€ the external comultiplication map due to the fact that the following
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diagram commutes:

Si(n,d+e+ f) Atet Si(n,d) @ Si(n, e+ f)
Ad+e»fl lld AT
Sﬂ((n7d+€) ®S]k(n7f) W S]k(n’d) ®S]k(n,€) ®S]k(n7f)

Remark 3.4.1. To see that A%¢ is indeed an algebra map use the presentation
of Ucgl, to check that A% : S¢(n,d + e) — Sc(n,d) ® Sc(n,e) is a C-algebra
map. This map sends Sz(n,d + €) to Sz(n,d) ® Sz(n,e) and so the result holds

for general k.

Given an Sg(n,d)-module M and an Sk(n,e)-module N, the space M ®x N
carries a natural Sk(n,d + e)-module structure inherited from the external co-
multiplication map. That is, for z € Sk(n,d +¢e) and m®n € M ® N, if
A(z) =), zi1 ® w2 then

x-(m®n):Z$i,1'm®xi,2-n.
i

This procedure defines the external product — @ — : 7?3; g X ”Pﬂ,i’e — P
For A € A(n,d), define the Sk(n,d) modules

,d+e*

k™ =Tk ® - - @ TMk”,
SAK" = SMK" @ -+ - ® SMKT,
AK” = AMK @ - @ AMKT.

For example, @ k" = [1r1k" = §h-lkn = ALl
The following result is well-known (see e.g. [ABS88, p. 177]).

Proposition 3.4.2. There is an isomorphism of Sk(n,d)-modules
Si(n,d)1y — DK"

mapping 1y to vy := vi@’\l ®v§®’\2 K& v;?)‘”. In particular the projective objects
of Pi‘d are isomorphic to direct sums of direct summands of modules of the form
k™.

60



A consequence of Proposition 3.4.2 is that for any A € A(n,d), and M € Pﬂéd,

there is a natural isomorphism
Hompx d(FAk”, M) ~ 1\M

sending a morphism f : I*k™ — M to f(vy). In particular, if n > d, the Schur-
Weyl duality functor,

Fsw = Homp%(®d k™ —) : Pﬂrid — mod-kSy,

sends an Sk(n,d)-module M to it’s (1,...,1,0,...0)-weight space.
For objects M € PX, and N € P¥

n,r n,s?

(M ® N)° coming from the obvious bilinear form (M°®@ N°)® (M ® N) — k. In

there is an isomorphism M° @ N° ~

particular (I'"k™)° ~ S k™. The next proposition follows immediately.

Proposition 3.4.3. The injective objects of ’Pfid are wsomorphic to direct sums of

direct summands of modules of the form S k™.

Define the dominance order, <, on

AT (n,d) == {(A,. . An) €A(nd) | AL > .. > Ao

A<pif M+ + AN <puy+--Fpu-forallr=1,... ,n.
The decomposition of I''k™ and S*k™ into indecomposable objects is described

by the following proposition. This result is known (see e.g. [Don93, Lemma 3.4]).

Proposition 3.4.4. For A € AT (n,d), let Py (respectively I ) be the indecomposable
projective cover (respectively injective envelope) of the simple Si(n, d)-module, LY,
with highest weight X. Then

F)\kn ~ P)\ ® @P?dkﬂ’
p>A

S~ Lo @1,
u>A

where dy, is the dimension of the A\-weight space in Lj,.
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Proof. Since T'*k” is projective, there is a decomposition
F)\kn — @ P[ZLAM,

peA+(n,d)
for some numbers m), € N. By Proposition 3.4.2, for partitions A, 1 of d, there
is a bijection

A

Hompbd(l“ k", L) ~ 1\Lj.

In particular, my, = dim1)L;;. This proves the first isomorphism. The second

isomorphism holds by the dual argument. O

For the remainder of this section we derive an alternative description of the
Schur-Weyl duality functor (Proposition 3.4.6) that will be needed in the discus-
sion of the homogeneous product of Schur algebra modules.

By Proposition 3.4.2, there are isomorphisms
Homp: (DK™, M)* = (1\M)*
~ 1, M°
. T (3.19)
~ ompgd( , )
~ AT
~ Homyps (M, $'%")
for each A € A(n,d) and M € P¥ .
Remark 3.4.5. The isomorphism Hom.px d(F’\k",M)* ~ Hompx d(M, SAk™) is a
special case of Serre duality in 735 4 (see [MS08, Section 4.5] or [Kral3, Proposition
5.4] for a precise description of Serre duality in 735 2)-
The following proposition follows immediately from (3.19) in the case A =
(1,...,1).
Proposition 3.4.6. Let n > d. The following diagram of functors commutes.
(=)°

(fpﬂid)op Pk’
fswl l]"sw
k&4-mod ~ (mod-k&4)P - mod-k&
Moreover, there is a natural isomorphism of functors

Fsw Hompu;’d(—, RTKk™)* : Pﬂgyd — mod-k&,.
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3.5 Double cosets of the symmetric group by parabolic sub-

groups

In this section we define some combinatorial tools that will be needed in our
discussion of the homogeneous product of Schur algebra modules.

Every sequence A € A(m,d) determines a set partition [d] = A\ U--- U\, in
which A; = {Xo+---+Xi_1,..., Ao+ -+ A}, where \g = 0. For each A € A(m,d)
define the corresponding parabolic subgroup of G4 by:

6)\226X1X"'X6ched.

These are alternatively known as Young subgroups of G4 in the literature.
Given a second sequence p € A(n,d), define Af; to be the set of m xn matrices,
(a;j), with entries in N, with row sum \; = Zj a;j and column sum pj = Y. a;;.

For example,

(3.3) 210\ (2 01 1 20 111

A(2,2,2):{ ) ) , ,
012/ \o 21 1 0 2 111
102\ (o2 1 012}
120/ \2 01/ \21 0/

The following result is due to James and Kerber [JK81, Corollary 1.3.11].

Definition/Theorem 3.5.1. There is a bijection @l); : G\\6q/6, — Aﬁ sending
Sr06,, to the matriz a;; = [N N o(1;)].

Proof. Consider the left action of &4 on 6)\\&y x 64/6,, defined:
0 (6rg,h&,) = (Grgo ™1, ohG),).

Note that the set of & 4-orbits, (E\\Ggx64/6,)/Ba, is in bijection with &\\&4/6 ..

Specifically the pair (&,g,hS,) corresponds to the double coset SghS,,.
Consider the map 0 : 6,\64 x 64/6,, — Af; that sends (&g,h6,) to the

matrix ag; = |g~"(A;) N h(f;)]. This map is clearly well-defined and 6(x) = 6(y)

if and only if x and y are in the same Gg4-orbit. The result follows. O
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Remark 3.5.2. A survey of results about the matrices in A;) can be found in
[DiG95] where these matrices are called rectangular arrays with fixed margins.
In statistics these matrices are alternatively called contingency tables with fixed

margins or fixed-margin matrices.

We often regard the matrix A € A;} as asequence (Aj1, ..., Ain, Aoty ..oy Amn)-

In particular we define a corresponding set partition
[d] :ZH U...UZM UZQl U UZmn
Note that for A € A;\L,
XZ' = UZ’LJ and ﬁj = Uﬂji,
j i
where A? is the transpose of A.

Definition 3.5.3. Say that a permutation o € &4 twists A € Aﬁ if

o(Alji) = Aij.
0 2
For example, if A = < ) then
2 0

le = ®a Zl? = {1)2}5 Z21 = {374}7 ZQZ = (2)7

and the permutation (13)(24) twists A.

3.6 Homogeneous product of Schur algebra modules

Recall that if M, N are right k&;-modules then M ®i N is also a right k&g4-
module with diagonal action (m®mn) -0 =m0 ®n-o. In this section we define
a product —®@— : P x P%¥ — P (right exact in each variable) that makes the

following diagram commute:

7®7
k k = k
P; x Py P
Fsw stwl l]:sw

mod-k&, x mod-k&y; —25 mod-kSy
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Our definition of —®— is original. To state it we need some preliminary definitions.
We identify the weight lattice of gl,,,, with the set of m x n matrices with entries
in Z. The algebra Sk(mn,d) has generating idempotents, 1,, indexed by the set,
A(m x n,d), of m x n matrices with entries in N, whose entries sum to d. Denote

the standard basis of k" by
{vij [ i €[m],j € [n]},
and for a matrix v € A(m x n,d) define
v, = ,Ul ®ri1 ® ,U®V12 ® ® ,Ul RVin ® ,U®V21 ® ® /U;%I;Lmn
Consider the k& 4-equivariant isomorphism
. dqm dp.n dp.mn
0: Q@ k™2 @ k" — K"k
defined
Vipg @ - Q@ Vjy @Ujy @ @ Ujy > Vigjy @+ & Vigjy-
Define an algebra embedding O : Sx(m, d) ®k Sk(n,d) — Sx(mn,d) by the com-
position:

Endges, (@ k™)@Endys, (Q* k") — Endis, (Q k"@@* k") =+ Endye,(Q" k™).

Here the first map applies the ®-product to two morphisms, and the second
map is defined via the isomorphism 6. That is, if f € Endgg d(®d k™) and
g € Endkgd(®d k™), then the endomorphism O(f ® g) € Endkgd(®d k™™ is
defined:

O(f ® g)(viyj, ® -+ @ viy5,) = 0(f ® g)0 l(vhjl ® -+ ® Viggy)
H(f(vh '®Uid)®g(vj1 ®"'®Ujd))'

In particular, if v € Aﬁ then for f € Endkgd(®d k™) and g € Endkgd(®d k™):
O(f @ g)(v,) = 0(f(vr) ® (v - 0)), (3.20)

where 0 € &4 twists v (in the sense of Definition 3.5.3). A description of © in

terms of the generators of the Schur algebra is given in Proposition 3.6.4.
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From the embedding © : Sk(m,d) ®g Sk(n,d) < Skx(mn,d) we define the

homogeneous external product —X— : Pﬂ(h,d X Pﬂg,d — Pﬂ(}m,d by:
MEN := Si(mn, d) ®s, (m,d)@s,(n.d) (M Qx N)

By passing to the colimit Pcﬂl‘ ~ limy, 00 PE 4 We obtain the product —®— : Plﬂj X
Pk — P,
Theorem 3.6.1. The following diagram commutes:

7®7
Kk Kk @
P xPj

Fsw X]:swl l}—sw

mod-k&; x mod-kGy & mod-k&y

To show this, we begin with a lemma.

Lemma 3.6.2. There is an isomorphism of Sx(mn, d)-modules:

K RTHK™ ~ @ VK™,
VGAQ

Proof. The idempotent 1) € Endgg d(®d k™) is the projection onto the A-weight
space. By equation (3.20),

O(1y®1,) Zl

veA;,

Hence:

Si(m, d)1\BSk(n, d)1,, = Sk(mn, d) ®s, (m.q)2s, (n,d) Sk(m, d)1x @ Sk(n,d)1,
>~ Sp(mn, d) ®s, (m,d)es,(nd) 1x @ 1y
~ Sk(mn,d) - Z 1,

veEA,

~ @ Sk(mn,d)1,

veA)

The result follows. O
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Lemma 3.6.3. The map 0 : @ k" @® k™ — Q* k™" restricts to an isomorphism
of k&4 -modules:

k[?})\ : Gd] Rk k[?}# . 6d] ~ @ k[vy : Gd]

veA,

Proof. For g,h € &4, two vectors vA®(v,-g) and vA®(v,-h) in klvy-S4)Qkk[w,-S4]
are in the same G4 orbit if and only if @;}(g) = @ﬁ(h). Moreover, for v € A;\L, if

o, € 64 twists v then @ﬁ(a,,) = v and so:

k[ - S4] @ kv, - &4 =~ P K[(vr @ (v, - 0,)) - &)

veA)
The result follows by the equation
O(vr ® (v, - 0,)) = v

O]

Proof of Theorem 3.6.1. Any object, X € Ptﬂj, can be expressed as the cokernel of
a map

Pl Py - X —0

in which Py L Pg( are projective. As ® is right exact in each variable, for objects
X,Y € Pk,
XQY = cok(X@P, ! - XoP)

and
X®P} = cok(Py'@P} — PY@P)).

Hence it suffices to show that the diagram

Proj(P¥) x Proj(P%) —=— Proj(P¥)
-FS'WX]'—SW\L i]:sw (3.21)

mod-kGy x mod-k&; —25 mod-kG,

commutes, where Proj (73(“}) — PEZ‘ is the full subcategory of projective objects.

By Proposition 3.4.6, there are natural isomorphisms of right k& -modules
Fow (TAK™) =~ (QTK™)% =~ klvy, - 6]
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The commutativity of diagram (3.21) follows from Lemmas 3.6.2 and 3.6.3.
Indeed, commutativity on objects follows directly from these lemmas. To see that

the functors agree on morphisms, observe that under the isomorphism
Hompx d(r*k”, THK™) =~ 1)Sk(n,d)1,,
the product map

—X— : Hom(I"k™, TYk™)@Hom (I*k", T*'k") — Hom( P k™, @ 1T'k™)

veEA, V’EA:;
corresponds to the map

0 : Sk(m, d)1y @ L,Sk(n,d)ly = > 1, - Sg(mn,d) - > 1.

VEA;)I I//EAi‘L;
By definition,
O ~fo(—®—)of ! :Endgs,(®k™) @ Endye,(Q k") — Endye, (Q k™).

The result follows from Lemma 3.6.3.
O

For the remainder of this section we define the map © in terms of the generators
of the Schur algebras. For this we need to introduce some convenient notation.

For i € [m],j € [n],k € [m — 1],1 € [n — 1] define the m x n matrices

Qi1 1= €] — €41+1, Qkn ‘= €kn — €k4+1,1,

Qkj = €kj — Cky1j, Gl i= €mi — €1141-

For example, if m = n = 2 then

1 -1 0 1 0 0
al1 = ) Q12 = 3 Q21 = 5

0 0 -1 0 1 -1
) 1 0 ) 0 -1 ) 0 1
al1 = 3 Q21 = 3 Q12 = .

-1 0 1 0 0 -1
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The sets {;;} and {c;} are two different sets of simple roots of gl,,, and so
correspond to two different sets of Chevalley generators of gl,,,,,. Thus the Schur
algebra Sk(mmn,d) is generated by idempotents 1y for A € A(m X n,d), and either

one of the following sets
1. Elements Ez(;) and Fi(;) satisfying e.g.
"y = Lyeya, FT.

g

(mq, — (r) (r
E; 1)\ = 1)\+7"C¥ijEij and Fij

2. Elements EZ(;) and Fi(;) satisfying e.g.

Evi(;)lk = 1>\+7’5éij EZ(]T) and F'Z(JT) 1)\ = 1)\—rdi]- FZ(]T)

For A € A(m,d) and p € A(n,d) define sets

row(\) :={v € A(m x n,d) | \i =Y vy for all i € [m]},
Jj=1

col(p) :={v e A(m x n,d) | p; = Zl/ij for all j € [n]}.
i=1
For a set X and r € N define the set of multisubsets of X of size r by

((f)) - {f:X—>N| ;f@):r}-

For any K € (( [m] )) and K' € (( [:}} )) define the following elements of Si(mn, d):

r

B = pEO) g B pRW) g )

1j mj i n
where ¢ € [m] and j € [n]. Define F' ]-(K) and Fi(K/) similarly.
The following result is new.
Proposition 3.6.4. The map © : Sx(m,d) ®k Sz(n,d) < Sk(mn,d) is defined on

generators by

Lels > 1, 10L— Y 1, (3.22)
verow(\) vecol(p)
EVo1— Y BN 1eE”— Y BN, (3.23)
Ke(([’:]) Ke(([’:}]))
Flete S B9 1ere Y £ (3.24)

Ke () Ke((lm)
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Proof. Equations (3.22) follow from (3.20). To complete this proof we just show
the second equation of (3.23). The other equations follow similarly.

Given a subset R C [d], an integer j € [n], and vector v = vj, ® --- ® vj, €
QR k", we define CjR-VE QK™ to be the vector obtained from v by replacing,

for each x € R, the tensor factor v;, with v;. For example
€1,{2,3} " V1 Q@ V2 ® V2 = V1 ® V1 ® V1.

For a subset R C [d], a pair (4,7) € [m] x [n] and a pure tensor v = v;,;, ® - -+ ®
Vigjy € ®d k™", we define c;; g - v likewise. Moreover we define c,; g - v to be the
vector obtained from v by replacing, for each x € R, the tensor factor v;,;, with
v;,j. Define ¢y g - v similarly.

For a pure tensor v =vj, ® --- Q@ vj, € Q% k", and j € [n], let
5 = {weld) | o = J.
For a pure tensor v € ®* k™" and pair (i,7) € [m] x [n] we define v;; likewise.
Moreover define
Uy i ={z €[d] | jr =j} and Vi i={z € [d] | iy =i}

For r € N, the endomorphism E](-r) € Endgs d(®d k™) is defined on a pure

tensor v by:
B = 3 Grow
Re(5)

where (51:1) is the set of subsets of vj41 of size r. That is, Ej(r) (v) sums over all
the ways to replace r tensor factors of the form v;41 with v;. Likewise if j # n

then:

EZ(;) (v) = Z CijR "V and EZ(;;) (v) = Z Cij,R " V-
ne(gr) re(i)
For v = v;,5, ® --- ® v;,5, we have:

O ®EM)(0) = 8(vy, ® -+ @ vy, ® BV (0, @ -+~ © vy,))

= : : c*ij v

Re(P(j+1))

70



That is, ©(1 ® E](-T))(U) sums over all the ways to replace r tensor factors of
the form v; j11 (for some ¢ € [m]) with v;;. Compare this with EJ(K) (v), where
K e <( [T} )) This vector sums over all the ways to replace, for each i € [m|, K(7)

tensor factors of the form v; ;41 with v;;. It follows that

(MY _ (K)
e1®E) = > E.

Ke((“jﬂ))

Remark 3.6.5. Consider the affine Grassmannian
Grar, = GLn(C(#))/ GLn(C[t]),

where C((¢)) is the field of formal Laurent series and C[¢t] is the ring of formal power
series (with coefficients in C). Consider the left multiplication action of GL,,(C[t])
on Grar,. For A € Z" in which A\ > --- > \,, let Gr* be the GL,,(C[t])-orbit of

the point
th

2
GL,(C[t]) € Graw,-

thn

The affine Grassmannian has a stratification by GL,, (C[t])-orbits, with the closure

order equal to the dominance order. In particular, consider the closed subspace
grn,d = gr(d’0’70) = U gA - ngLn'
AEA+(n,d)

By Mirkovié-Vilonen’s geometric Satake correspondence [MV07, Theorem 14.1],
there is an equivalence of categories between Pﬂf 4 and the category Pqr,, (cf)(97n,d: k)
of GL,,(C[t])-equivariant perverse sheaves on Gry, 4. A natural question to ask is:

Is there a geometric definition of the product

— X —: Pan,. ) (97m.d, k) X Par, ) (97mn,d, k) = Pav,, ) (97 mtn.d, K)

that corresponds to the homogeneous external product under the geometric Satake

correspondence.
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3.7 Strict polynomial functors

There is an equivalence of categories between Pﬂl‘ and the category of strict poly-
nomial functors of degree d [F'S97, Theorem 3.2]. In this section we recall the
definition of such functors and show that, under this equivalence, the homoge-
neous product of Schur algebra modules corresponds to Krause’s product of strict

polynomial functors defined in [Kral3].

Remark 3.7.1. Strict polynomial functors were defined by Friedlander and Suslin
[F'S97] in order to show that the cohomology of a finite group scheme over a
field k is a finitely generated k-algebra. An excellent survey of this and related
topics is given in [Toul4]. We use the definition and notation for strict polynomial
functor given in [Kral3]. This is easily shown to be equivalent to the definition

of Friedlander-Suslin.

Let F“fl be the category whose objects are k-vector spaces and with morphisms:

Homys (V, W) := T Homy (V, W) 2 Homy, (V&4 W)

= Homkgd (V®d, W®d),

where G, acts to the right of Homy (V¢ W®9) via the action (fo)(v) = f(vo~1)o.
Define the category, Rep Fﬂé, of strict polynomial functors of degree d to be the

category of k-linear functors from Fﬂé to mod-k.

Remark 3.7.2. Note that Homy (I'9V, W) = (T9V)* @ W = SV* @ W is the space
of regular maps from V to W. So polynomial functors are equivalent to functors
X : mod-k — mod-k in which for every pair of objects V,W &€ mod-k, the map
X : Homy(V, W) — Homy (X (V), X(W)) is a polynomial map of degree d. This

is the original definition of polynomial functor in [FS97].

Important examples of strict polynomial functors include the divided power
functor I'(—), the symmetric power functor S%(—), the exterior power functor
A%(—), and the tensor power functor ®%(—). For V € mod-k, we denote the

corresponding representable functor in Rep I‘ﬂ; by IV ie.
4V (W) = 14 Homy (V, W).

72



There is an equivalence of categories (—)° : (Rep ') — RepI'¥ defined on
objects by X°(V) = X(V*)*, where (—)* refers to the linear dual. For example
(T9)° = §9 and (A%)° = (A%)°. The functor (I'*")° is isomorphic to the functor
S%V ¢ Rep FE defined on objects by

SEV (W) = SYV @ W).
Define the external product functors
. k k k
—®—:Repl'y x RepI'c = Repl'y, .

by (X @Y)(V)=X(V)®Y(V). Given A € A(n,d), define the degree-d strict
polynomial functors I'* :=TM @ ... @ T, §* := SM @ ... ® S*, and A =
AM @ .- ® AM. For example, ®% = D11 = §(L1) = A1),

By the Yoneda lemma, the Schur algebra S (n, d) = I'? Endy (k™) is isomorphic
to the algebra Endg,, r (T4k™yor Hence, for any object X € Rep F“fl there is a
right action of Sg(n,d)? on X (k") ~ Homp,(I'“*"  X) given by precomposition.

For n > d we have equivalences of categories
evalgn (—) = Homp, pe (T —) : RepT¥ — mod-S(n, d) ~ Pi';d (3.25)

[FS97, Lemma 3.4] (this is also proved using Krause’s notation in [Kral3, Theorem
2.10]). It follows that that there is an equivalence Rep Ik ~ 77(]11‘. This equivalence
commutes with the external products labelled ® and the contravariant autoequiv-
alences labelled (—)°.

For the remainder of this section we define Krauses internal product —®@— :
Rep Fﬂfl x Rep F“; — Rep Fﬂé, and relate this product to the homogeneous product
of Schur algebra modules under the equivalence Rep I' ~ Pcﬂl‘.

To define Krause’s product, first note that the usual tensor product on vector
spaces defines an exact tensor product — ®p — : Fﬂé X Fﬂé - T ]5. By the Yoneda
embedding (F%)Op — Rep Fﬂé . V = T'%V we can define a tensor product on

representable functors in Rep F“fl by:

I\d,v ®I\d,W = I\d,V@W .
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Krause’s internal product extends this product on representable functors to a
right exact functor on the whole of Rep Fﬂfl. To define this extension, first note
that every object in Rep Fﬂé is a colimit of representable functors. Indeed, let Cx be
the category whose objects are natural transformations 'Y — X for V' € mod-k,
and with morphisms from an object z, : 'Y — X to an object x,, : %W — X
being the natural transformations ¢ : T'%Y — I'4W in which z, 0 ¢ = x,. Then
X is the colimit of the diagram functor Fx : Cx — Rep Fﬂfl that sends an object
'tV — X to it’s domain IT'%Y. Extend the definition of ® to non-representable

functors in Rep I‘“fl by defining

XeI®W = colim(Fx (—)or*"W),
X®Y = colim(X®Fy(—)).

for all X,Y € Rep F“fl.

Remark 3.7.3. Krause’s internal product is an example of a construction on cate-
gories of functors known as Day convolution. This construction is first studied in
[Day70].

Remark 3.7.4. There is a left exact version of Krause’s product —®'— : Rep 't x
Rep Fﬂé — Rep Fﬂé defined
X'V = (X°@Y°)°.

The product &' can also be defined by using the fact that every object in Rep Fﬂé
is a limit of the dual representable functors S%". Indeed, by proceeding as in
the definition of ® but with colimits replaced by limits, we can directly define
—@! —:Rep I‘ﬂé x Rep FH;; — Rep I‘ﬂé as the product that is left exact in each variable
and satisfies %V ®'S4W = §4VEW  Krause [Kral3] also defines a internal Hom
functor Hom(—, —) : (Rep Fﬂé)"p X Rep Fﬂé — Rep Fﬂé whose definition is equivalent
to Hom(X,Y) = X°R'Y.
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Theorem 3.7.5. The following diagram commutes:

_®_
Rep Fﬂg X Rep Fﬂé —— Rep I‘H;
evalpn X eval]knl levalkn

k k k
_—
Pl x Pf ———— P}

Proof. As in the proof of Theorem 3.6.1 it is enough to check that this diagram
commutes on projective objects. The projective objects of Rep Fﬂé are direct sum-
mands of direct sums of the objects I'*, for A € A(n,d). By [AR17, Corollary
4.5],
Mer = @ r.
veEA)

The result follows. O

3.8 Appendix: Standard basis of the Schur algebra

In this section we recall the original definition of the Schur algebra. This defini-
tion gives rise to a natural characteristic-free basis of the Schur algebra that was
identified by Schur in [Sch1901]. We recall the definition of this basis and show
that this basis is equal to the basis of the Schur algebra constructed by Totaro
[Tot97, pg. 8], and used in [Kral3] and [AR17]. This result is not new (see e.g.
[Reil6, Appendix]).

Consider the polynomial algebra k[z;;] with n? variables (i,5 € [n]). We re-
gard k[z;;] as a bialgebra with comultiplication defined on generators by x;; —
Y r—q Tie®xgj and counit x;; — ;5. Let Ag(n,d) be the subcoalgebra of k[x;;] con-
sisting of polynomials of degree d. Then Ay (n,d)* has a natural algebra structure.

Schur [Sch1901] constructs an algebra isomorphism
X : Ax(n,d)* — Endys,(®“k")

by the following process. For a function i : [d] — [n], let v; = vi(1) ® - -+ @ vy(q) €
Q% k™. Then for any £ € Ay(n,d)*,

X©O W) = > &(wij)vi,

1€ [n] [d]
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where [n]l? is the set of functions [d] — [n], and

Tij = Ti(1)j(1) " Ti(d)ja) € Ax(n, d).

A proof of this isomorphism can be found in [Gre80, Section 2.6] and this proof
works for any commutative ring k.

There is a right action of G4 on [n]l¥ defined (i - o)(a) = i(o(a)). Likewise
there is a right Sg-action on [n]l% x [n]l¥ given by the diagonal action. The algebra
Ak(n,d)* has a basis consisting of the elements §; ; that are dual to z; ;. Clearly
&ij = &k if and only if (k,1) = (io, jo) for some o € &4. Note in particular that
x(&i,;)(vp) is the sum over all vectors vy in which (k,1) is in the &g-orbit of (i, j).

For A € A(n,d), let iy € [n]l¥ be the function sending any element in X; to
i i.e. so that v;, = vy. Then every basis element is of the form Qu"fb for some

0 € &g, and & o1, = &i 00, if and only if 6,016 = 6,026,.

Proposition 3.8.1. The & 4-equivariant endomorphism X(fzug@) € Endyg, (®d k™)
is defined

ZZGZMUGA v ifv=A,

0 otherwise,

X (o) (00) =

for allv € A(n,d).

Proof. The value of §; o, (¢i,4,) is nonzero only if v = A. Moreover & o, (i;,) =

1 if and only if there is an element w € &4 in which (4,3,) = (i,0w, i w), otherwise

m
i, oy (%i4,) = 0. As G, is the stabilizer of iy, it follows that & o, (2i4,) = 1 if

and only if 7 is in the &y-orbit of i u0- The result follows. O

The following equation holds by an argument similar to the proof of Proposi-

tion 3.8.1:
XE)w) = > o (3.26)

ke&i-stab(j)
Example 3.8.2. We calculate explicitly the values of X(&i,s,,)(va) in the case
A= = (2,2). We denote a function i € [n]¥ by the sequence (i(1),...,i(d)),

and write vj,4,...;, for the vector v;; ® --- ® v;,. Then,
X(§(1,1,2,2),(1,1,2,2))(01717272) = V1,1,2,2;
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X(f(z,z,1,1),(1,1,2,2))(U1,1,2,2) = 02,211,
X(§(1,2,1,2),(1,1,22)) (V1,122) = v1212 V1221 + V2112 + V2121

Write £ for the basis element in Si(n, d) corresponding t0 &; 4.3, € Ak(n,d)".
We call {7, | A\,p € A(n,d),0 € Sg}, the standard basis of Sk(n,d). The

generators of Sk(n,d) are examples of standard basis elements. More precisely,

Ix= g()i\,)\ﬁ Ei('r)lk = £§\+ro¢i,/\7 F’z(r) Iy= gifrozi,)n

where e denotes the identity element in &.
By Proposition 3.8.1, it is clear that &2 ZlA = 0 whenever n # u. The

following proposition describes the other structure constants for the Schur algebra.

Proposition 3.8.3. In Sk(n,d):

o o1 __ E CO' 50’
Vo SpA T 02,01,V i, ASV, A0
g

(oa

where the sum ranges over representatives of 6,\64/Sy, and A

\ is the

number of 1 € 1,016 in which (i,0,1) is in the &4-orbit of (zyag,zﬂ).

Proof. In this proof we will treat the elements fl‘jy y as endomorphisms of ®d k™.
The coefficient 7, LA is equal to the number of times in which v; , appears

as a summand in

D) = > ).

1€1,,016
The vector v; » appears as a summand of 72 (v;) if and only if (i,0,i) is in the

&g-orbit of (i,02,4,). The result follows. O

Remark 3.8.4. Schur [Sch1901, pg. 40] identifies a multiplication rule for standard
basis elements, and this rule is described by Green in [Gre80, pg. 13]. It is not
hard the equate their multiplication rule with ours. A graph theoretic approach

to defining these coefficients is given in [Mén01].

By Proposition 3.4.2,
1)Sk(n, d)1, =~ (T"k™)) =~ Hom d(F’\k", THK")
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and so there is an algebra isomorphism

Su(n,d)? ~ P Hompbd(f"\k”, IHk™),
A pEA(n,d)
where the multiplication on the right is given by composition where this is defined,
and evaluates to zero if the composition is not defined.

For the remainder of this section we recall Totaro’s basis of Hompbd (TAk™, THK™)
and show that this basis corresponds to the standard basis of the Schur algebra
under the above isomorphism.

Given two weak compositions, A, of d (of any length), say that A < pu if
there is an inclusion of the parabolic subgroups &) C &, C &4. We call this the
parabolic ordering on weak compositions of d.

Note that T*k™ is the space of &y-invariants of ®d k™. Hence if A < p then
I'*k™ is a submodule of I''k™. We denote the inclusion morphism by A : THk™ —
k™. Additionally define the map V : TAk™ — k™ by

v Z veg
gEGI\\G,

As a special case of these maps define:

Ay TTHK™ — T79K™; V= v

Vi Tk 5 Ik @y Y (2®y)-g
geGT,S\6T+S

Define the isomorphism:
7 : k"™ — I'*"k™,; VOW— WU

If X is in the &, orbit of u, let 7 : TAk™ — I'k” be the unique isomorphism
built from the maps of the form 7, , by composition and tensoring with identity
morphisms.

For A € Ai) define the morphism ¢4 : TAk™ — T#k™ as the composition

A )
Pk = @, TV 2% @;(®, T%k™) — " ®,(®; T™ik") Vs @, Tk = k"
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Recall from Theorem 3.5.1 that there is a bijection ©) : 6)\64/6, — A,
sending 6,06, to the matrix a;; = |[X\; N o(@;)|. For o € &4 we write @ﬁ(a)
for @ﬁ(@ 20&,,). The morphisms ¢4 : [*k™ — I'"k™ have the following explicit

description.

Proposition 3.8.5. If 0 € &4 and A = @f‘L(J) then,

Proof. Applying the map ®;A : T*k" — &, (®; I*k™) to vy gives the vector

vy € Q;(®; k™). The map 7 : @Q;(®,; k") = &,(&Q), k") permutes
tensor factors. In particular, if o4 € Sy twists A, then 7(vy) = vaoc4. Applying
the map ®;V : Q);(Q); k™) — I'k™ to vyoa gives )] v;. The result

follows since
2 u= )

1€1,046, 1€1,06,

i€iyoaB,

whenever G 046, = 6,06,,.
O

The set {pa(vy) | A € A;\L} is a basis of (I'"k™),, and so {¢4 | A € Aﬁ} is a
basis of Hompx d(l"\k”, HK™).

Theorem 3.8.6. There is an algebra isomorphism

Se(n, )~ P Hompgi’d(f"\k”,f‘“k”),
A pEA(n,d)

sending &7 \ to the morphism ¢4 : VK" — k™ in which (o) = A.

Proof. Let 01,09 € &4 be such that @’)\‘(01) = A; and @Z(Jg) = As. By Proposi-

tion 3.8.5, and using a proof similar to Proposition 3.8.3,
Pa, © DAy, = Z ng,al,v,u,kgb@i(a)’
g

where the sum ranges over representatives of G,\S;/G . O

79



Remark 3.8.7. We can also define the standard basis of Sk(n, d) using the algebra
isomorphism
S(n,d)~ B Hompk’d(s)‘kn, SHE™).
ApEA(n,d)
Indeed, note that S k™ is the space of &y-coinvariants of ®d k™. Hence if A < p
then there is a surjection V : S*k” — S#k™. Additionally define the map A :
SHK™ — SAk™ by

m

A(:B1®"-®$m):Z($0®$1®'“®5Er)|—|—|($r+1®"-®xm)
r=0

where 1y = 1 and LU refers to the shuffle product. For 0 € &, in which A = @ﬁ(a),
the basis element §Z’ y corresponds to the morphism S*k™ — SAk™ defined as the
composition:

St =@, 51 225 R, 5%) = ®,(Q; 5%) 5 @, 5 = $*

3.9 Appendix: Definition of the Schur algebra via web dia-

grams

In this appendix we define the Schur algebra using a diagrammatic approach
developed in [CKM14]. A more detailed account of this approach can be found in
[W19].

The main idea is to construct a category, Sk, whose objects are finite sequences

of positive integers, and in which for all n,d € N:
Sk(n,d) ~ @ Homg, (k(X), k(1)),
ApEA(n,d)

where e.g. k() is the sequence obtained from A by removing all zero terms.
The following definition is due to [CKM14].

Definition 3.9.1 (Free spider category Fi). Let k be a commutative ring. The
free spider category, Fi, is a strict monoidal k-linear category whose objects are
finite sequences of positive integers. The monoidal product on objects is given by

concatenation, with the empty sequence () as the monoidal unit.
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The morphisms of Fi are freely generated (by taking k-linear combinations,
compositions, and monoidal product) by two morphisms depicted diagrammati-

cally:
T s r+s

\Y/ c(r+s) = (r,s), /& 2 (rys) = (r+9).

r+s r S

The identity morphism on an object (A1,...,\,) is depicted by the diagram

A1 An

The composition and monoidal operations on morphisms are depicted diagram-

matically by the following rules:

o If f: A — pand g: p — vare morphisms depicted by string diagrams, then
the composition g o f is depicted by the diagram obtained by placing g on
top of f and connecting strands at the top of f with strands at the bottom
of g.

e If f: X\ — pand g: N — y/ are morphisms depicted by string diagrams,
then f® g is depicted by the diagram obtained by placing f to the left of g.

The morphisms in Fi are identified up to any planar isotopy that preserves the

upwards direction of arrows.

We call the diagrams depicting morphisms in Fi, web diagrams. It is con-
venient to draw web diagrams with strands labelled by any integer. These are
interpreted as follows: strands labelled by negative integers are interpreted as

zero morphisms, and strands labelled by 0 are to be removed from the diagram

e.g.
r 5 r 5

i

r+s 0 r+s
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Definition 3.9.2 (Complex Schur category Sc). The complex Schur category Sc is
the C-linear strict monoidal category obtained from F¢ by enforcing the following

relations among morphisms:

kE+1l+m k+1l+m
k+1 — l+m (3.27)
k l m k l m

>
3

k l m
l+m = k+1 (3.28)
kE+1l+m k+1+m
k+1
k
l k41
:< +> k+1 (3.29)
kot !

k—s—+r l+s—r k—s+r l+s—1
s—t
\7;\ P
TS e s
k—s I+s = tz; ( . ) k+r—t . [—r+t
s — _
L] I ——
k l k l
(3.30)

where k, 1,7, s € Z>o.

Let Sz be the strict monoidal Z-linear subcategory of S¢ with the same ob-
jects as S¢, and whose morphisms are the Z-span of morphisms depicted by web
diagrams.

For any commutative ring, k, let Sk be the strict monoidal k-linear category

whose objects are finite sequences of positive integers, and with morphisms

Homg, (A, 1) :=k ®z Homg, (A, ).
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Conjecture 3.9.3. For any commutative ring kK, the category Sy is equivalent to

the category obtained from Fy by enforcing the relations (3.27)-(3.50).

The following result is shown in [W19, Theorem 3.1.1] in the case k = C. The

general case follows from the case k = C by the definition of Sk.

Theorem 3.9.4. Letk be a commutative ring. For a sequence A of positive integers,
let K(\) be the sequence obtained from X\ by removing all zero terms. For all

n,d € N, there s an algebra isomorphism:
Sk(n,d) ~ EB Homg, (k(N), k(1))
A €A (n,d)

defined

Ni+r Aip1—r

e o] bed o]

AT Aict A A A2 A

)\i—T Ai+1+7‘

o || L $$

ANt N A Aige n

For the remainder of this section we detail how the Schur category can be used
to describe the morphisms between divided and exterior powers in PCE?.
Let 'y be the category whose objects are finite sequences of positive integers,

and with morphisms
Homr, (A, p) == Hompb(f‘)‘k"o’ IHk>).

The category I'c is a strict monoidal functor with the monoidal product defined
by the external tensor product on Schur algebra modules.

The following result follows immediately from Theorem 3.9.4 and Theorem
3.8.6.
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Corollary 3.9.5. There is a monoidal equivalence of categories Sg:p — D¢ defined

r=+s

A = Ayt Ik — Tk,
T S

T S
\\{/ = Vs : TPk — Tk,
r+s

Let Ax be the category whose objects are finite sequences of positive integers,

and with morphisms
Homy, (A, 1) := Homps (MK, AVK™).

The category Ac has a monoidal product defined by the external tensor product
on Schur algebra modules.

For any set S = {i; <iy <--- <i4} C N>y, define vg € A% by
VS 1= Vi N Vg N - N0,
Let £(S,T) = |{(i,j) € SXT | i < j}|. For aset S, write ( ) for the set of subsets

of S of size r. Define the morphisms:

Ar,s S ATTSR® Ak vg ’_> TS Z K(S\T 'UT ® v\T
Te(7)

T

Z .
Doygur £ESNT =10
Vst A7k — ATk vg Q vp > ) N
otherwise
A consequence of [CKM14, Theorem 3.2.1] is that there is a monoidal equiv-
alence of categories Sy — Ay defined

r+s

A 5 Vst AR —5 ATTE,
T S

r S

\{ o Dy ATTIRS 5 ATIK,

r=+s
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This result is essentially a rephrasing of Donkin’s [Don93, Proposition 3.7] algebra
isomorphism
Si(n. d) =~ Endps( P rw).
AEA(n,d)
Remark 3.9.6. By Proposition 3.4.2 (respectively Proposition 4.5.2 below), the
category of projective (respectively partial tilting) objects in ’Pcﬂl‘ is equivalent to

the additive closure of the Karoubi envelope of T'y (respectively Ag).
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Chapter 4

Geometric reconstruction of the

Schur algebra

4.1 Motivation and outline

Mautner [Maul4, Theorem 1.1] shows that the category, Par,, (Nar,, k) of GLg(C)-
equivariant perverse sheaves on the nilpotent cone Ngr,, C glg(C) is equivalent
to the category, 735‘, of all polynomial representations of degree d. This proof
uses Lusztig’s [Lus81] embedding of Ngr,, into the complex affine Grassmannian,
Srar,, to show that Par,,(Nar,, k) is equivalent to a subcategory of the category
of perverse sheaves on Grgy, (equivariant with respect to the loop group). This
latter subcategory is equivalent to 736]1[‘ by Mirkovié¢-Vilonen’s geometric Satake
correspondence [MV07, Theorem 14.1].

In this section we prove the equivalence between Pgr,,(Nar,, k) and Ptﬂj using
the geometry of the nilpotent cone and without appealing to the geometric Satake

correspondence. For this, we define, for each A € A(n,d), the varieties
./\V/}\ = GLd ><PA./\/’pA and ./\N/’)\ = GLd XPAu,\,

where Py = L) x U, is the parabolic subgroup of GL; with Levi factor L) ~
GL), x --- x GL),. Define the multiplication maps

my : Ny = Nar, and 1yt Ny — Nar,
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by (g,x) — grg~!. Define the perverse sheaves
M= maky, [dimNer,]  and A = Ak, [2dim GLg /Py].

Theorem 4.4.1 states that if n > d then ®A€A(n,d) I'* is a projective generator

of Par,,(NcL,, k) with endomorphism ring

Endpy, War,i0( €D TY) = Su(n,d)”

AeA(n,d)
In particular, the functor
@n d = HOIHPGL NGLd’]k) @ F PGLd (NGLda k) - P}i,d
AEA(n,d)

is an equivalence of categories.
To prove this result we first give a characteristic-free version of Ginzburg’s
construction of the Schur algebra (Theorem 4.3.6). More precisely, Theorem 4.3.6

states that there is an algebra isomorphism

S (n,d)? ~ @ HEM (NA X Naw, NM? k),

dim Ny +dim N,
M pEA(n,d)

where HBM (— k) refers to the Borel-Moore homology with coefficients in k. The
algebra product on the right hand side is the convolution product. This result is
shown in characteristic zero by Ginzburg [CG97, Proposition 4.2.5]. By a result
of Ginzburg [CG97, Theorem 8.6.7] (see Proposition 4.4.11), there is an algebra

isomorphism

BM A
@ Hd1m./\/’>\+d1m/\/ ('/V}‘ XNGL N’“ ]k) EndPGLd (NGLd k) ( @ A )
A p€A(n,d) AEA(n,d)

Achar and Mautner [AM15] define an equivalence of categories
R : Dar,(Nar,, k) = Dar, (Nar, k)

that satisfies R(A*) ~ I'"* (Lemma 4.4.8). In particular, there is an algebra

isomorphism

Sk(n,d)P ~ EndPGLd(NGLdk)( EB AN ~ EndPGLd(NGLdak)( @ ).
AEA(n,d) AeA(n,d)
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The evaluation of ®,, 4 on simple objects is described in Propositions 4.4.12.
More precisely, for a partition A = (A1,...,\,) of d, let hy : Oy — Ngr, be
the inclusion of the GLg-orbit of the Jordan matrix with Jordan blocks of sizes
Als. .oy Ap. The functor @, 4 : Par,(Nor, k) — Pilf’d maps the simple perverse
sheaf hkep, [dim Oy] to the simple Sk(n, d)-module with highest weight A. More-
over (Propositions 4.4.12 and 4.5.4),

@, 4T =T and @, 4(AY) =~ APK™,

In Section 4.2 we summarise the results about the geometry of the nilpotent
cone and the varieties N- y and N \ that will be needed in the proofs and discussion
of our main result.

In Section 4.3 we review the sheaf-theoretic definition of Borel-Moore homol-
ogy and describe the basic operations on Borel-Moore homology from this perspec-
tive. Using this we prove the characteristic-free version of Ginzburg’s construction
of the Schur algebra.

In Section 4.4 we use Ginzburg’s construction to show that the category
Par,(Nar,, k) is equivalent to Pf;d if n > d.

In Section 4.5 we describe the highest weight structure on Pg(A, k) and eval-
uate the equivalence Pg(N k) ~ 73}; 4 on partial tilting objects.

In an appendix (Section 4.6) we list some properties that should be satisfied
by a geometric version of the homogeneous external product of Schur algebra
modules.

Throughout this chapter, by a wvariety we mean a quasiprojective complex
algebraic variety i.e. a subset of CP" that is locally closed in the Zariski topology.
Topological concepts (open, closed, etc.) will usually be with respect to the Zariski
topology unless stated otherwise. The only exception being the dimension of a
variety, which will always mean dimension as a complex variety.

The following two facts about varieties are important and we will sometimes

apply these without mentioning them:

e Every variety X has a smooth Zariski-dense open subset (all non-singular

points form an open dense subset).
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e Every variety is locally compact, locally path connected, and locally con-

tractible.

Let D°(X,k) be the bounded constructible derived category of sheaves on a
variety X with coefficients in k. Write ky for the constant sheaf on X (con-
centrated in degree zero). Define the canonical surjection ax : X — pt, and
write Dy := a!kat for the dualizing sheaf. Write D := RHompsx)(—,Dx) :
DY(X, k) — Db(X, k) for the Verdier duality functor.

Write P(X,k) for the category of perverse sheaves on X with coefficients in

Let D’é(X ,k) be the G-equivariant derived category and Pg(X, k) the category
of G-equivariant perverse sheaves. If f : X — Y is a G-equivariant map of G-
varieties then the usual sheaf functors f., f*, fi, f', as well as the sheaf products
RHom, ® have analogues in the equivariant setting (see e.g. [Ach21, Section 6.5]).

In this chapter we will never need to consider the equivariant structure on
objects in Pg(X,k). This is due to the following result about perverse sheaves
that are equivariant with respect to a connected algebraic group (see e.g. [Ach21,

Proposition 6.2.17] for a proof).

Proposition 4.1.1. Let G be a connected algebraic group acting on a variety X
and let o,pra : G x X — X be the action map o(g,x) = g - and projection map
pro(g,x) = x. The category Pg(X,k), of G-equivariant perverse sheaves on X
is equivalent to the full subcategory of P(X,k) consisting of objects F in which
pryF[dim G| ~ o* Fldim G] in P(G x X, k).

Likewise, if G is a connected algebraic group, then the sheaf operations fi,
f*, fi, ', RHom, ®% on G-equivariant perverse sheaves are just the usual sheaf
operations on perverse sheaves.

If h: Y — X is the inclusion of a locally closed subvariety, and F is an object
in D°(Y, k), then we also write F for the object hF € D(X,k). For example, the
skyscraper sheaf in D?(X,k) supported on a point € X (and concentrated at
degree 0) is simply denoted ky;). This notation is primarily used when h is one
of the closed embeddings

O, — Na, = gla,
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where Oy C Ngi, is a GLg-orbit. For example, perverse sheaves in Pgr,, (Oy,k)
will often be thought of as perverse sheaves in Pgr,,(Nar,, k) (and sometimes as
perverse sheaves in Pgr,, (glg, k)) that are supported on O.

Most of the results in sheaf theory that we need follow from the discussion
of recollements in Chapter 2. We recall an additional result called proper base

change: For a Cartesian square

x 9. x

o

Y’ —— Y
there are natural isomorphisms

! _Ix

g fi~flg and  flg. ~g.f".

See e.g. [Ach21, Theorem 1.2.12] for a proof of this.

Throughout this chapter we use lowercase fraktur letters to denote the Lie
algebra of a Lie group denoted by the corresponding uppercase letter.

For a survey on the use of perverse sheaves in modular representation theory
that includes examples of calculating of table of stalks for perverse sheaves on the

nilpotent cone, the reader should consult [JMW12].

4.2 The nilpotent cone in type A

For a connected complex reductive Lie group H with Lie algebra b, write Ny
for the closed subvariety of § consisting of nilpotent elements. The variety Ny
is called the nilpotent cone on h. We regard Ny (and h) as a H-space under the
conjugation action.

Let G = GLy4(C) and write N' := Ng. We recount here some geometric
features of A/ that will be needed in later constructions. For a more complete
survey of the geometry of nilpotent cones of Lie algebras see e.g. [CM93] and
[Henl15].

For a partition A = (A1,..., \,) of d, let Oy be the G-orbit in N consisting of

nilpotent matrices whose Jordan form consists of Jordan blocks of sizes A, ..., Ap,.
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Note that if AV is the dual partition of )\, then the orbit O,v is the set of matrices
r € g in which dim(ker 2/ ker 2'~1) = \; for all 1 < i < m. These G-orbits satisfy

the dimension formula
dim Oyv = 2dim G/Py =d*> = \} —--- — \2,.

We consider N as a stratified space with respect to the G-orbits. The closure
order for the strata is given by the dominance order on partitions [Ger59] i.e.
O, C @ if and only if \y + -+ A\ < g + - -+ pg for all £ > 1 (where partitions
are extended by zeros at the end if necessary). In other words, = € Oy, if and only
if dimkerz® < \Y. In particular, Oq,..,1) = {0} is the unique closed orbit in N,
and Oy is the unique dense orbit in N.

We now define and describe some important properties of spaces related to
N. These spaces can be summarised by the following diagram, which we describe

below.

5 P Gyi=G xPp, — ™ 5 g

] ] ] ]

N, Np, — Ny =G xP Np, -5 N (4.1)
] ]

{0} uy < Nyi= G xPoyy, 2% O

Let B C G be the Borel subgroup consisting of upper triangular invertible
matrices. For a weak composition A\ = (Aq,...,\,) of d, let P\ D B be the
parabolic subgroup of G with Levi factor, Ly, consisting of invertible diagonal
block matrices of sizes A1,..., A\, i.e. Ly >~ GL), x---x GLy, and P\ = L) x Uy,
for a unipotent subgroup U,. For example, P ;) = B and P43 = G. Recall
that the partial flag varieties G /Py can be identified with the spaces

Py := {parabolic subalgebras of g conjugate to py}
Fly = {0 =FgCF C---CFn =C" ‘ dim]:i/fi_l = )\z}

Indeed, G acts transitively on P, by conjugation, with stabiliser Py. So there is

1

a bijection G/Pyx — P, defined gP\ — gprg~ . The group G acts transitively
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on Fly by the left natural action on flags. The isomorphism Py — Fl is the
G-equivariant map sending p to the flag £} = (0 C £ C --- C &), = C") defined
by SZ-A = C{e1,...,ex4.+}- Theinverse Fly — P sends a flag F, the parabolic
subalgebra {z € g | (F;) C Fi}.

Consider the diagonal action of G on G/Py x G/P,. The G-orbits of G /Py x
G/ P, are in bijection with the set of double cosets §,\&4/&,,. Indeed, for o € &g,

let ¢ € G be the corresponding permutation matrix. The map
Sq — G\(G/Py x G/P,)
sending o € &4 to the orbit
05, =G (P\,dP,)

is surjective and (O)‘;lu = @‘;2# if and only if 6,016, = 6,026,,. For any weak
compositions A, p of d, the G-orbit (O)iu C G/Px x G/P, is a smooth closed
subvariety (see e.g. [BLM90, Lemma 3.6]).

Remark 4.2.1. The closure order for the stratification of G/Py x G/ P, is described
in [BLM90, Lemma 3.6]. More precisely, let A € A(m,d) and p € A(n,d). Let
01,02 € &4 and define the matrices A = @ﬁ(al) and B = Gﬁ(ag) as in Definition
3.5.1. Then there is an inclusion OF!, € OF, if and only if for all i € [m], j € [n],
. B X A
P<i;9<] P<i;9<]
In the closure order, @iu is minimal. The unique maximal orbit is @fﬁ, where
wo € Sy is the longest element. For the dimensions of the orbits see [BLM90,

Lemma 2.2].

For an algebraic group H with closed subgroup P C H, and P-variety X, the
induction space H x* X is the quotient of H x P by the P-action

g (hx)=(hg ' g-x).

The map H x” X — H/P mapping (h,z) +~ hP makes H x” X into a
H-equivariant fibre bundle over H/P with fibre X.
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Define the partial Grothendieck resolution corresponding to a weak composi-
tion A of d:

ﬂ)\ =G XP’\ Pa-
The partial Grothendieck resolutions have the following alternative descriptions.

Proposition 4.2.2. There are bijections
Gx™py={(z,p) €gx Pr | wep} ~{(z, F) € g x Fly | o(F) C Fi}.

Proof. The second bijection is induced from the bijection Py ~ Fly. The first
bijection is defined (g, z) — (grg~", gprg~!). Indeed it is straightforward to check
that this map is well-defined with well-defined inverse (z,gprg~') — (9,9 ‘zg).

O]

Define the multiplication map my : G x™ py — g by (g, ) — grg~!. In terms
of the alternate descriptions of gy in Proposition 4.2.2, the multiplication map
my : gn — g is simply the projection into the first component: (x,p) — x and
(x, Fy) > x.

Define the parabolic Springer bundle:

/\u/’)\ = m;l(/\/) =G xH Np, =G x (ux +N,)

For example, /\uf(lw’l) ~ G xB u,...,1) is the usual Springer resolution. This is a
resolution of singularities of N. At the other extreme is /\v/(d) ~ N. Each variety
N has dimension d? — d, and all except for N, (1,...,1) are singular varieties.

As in Proposition 4.2.2, there is a bijection
Ny~ {(z,p) €N x Py | z € p} =~ {(2, F) € N x Fly | a(F;) € Fi}.

Define the multiplication map ) : N \ — N to be the restriction of my. The
G-orbits of NA are the subvarieties G x (ux + C), where C C /\/'LA is an Ly-
orbit. For each G-orbit © C Ny, the proper G-equivariant map my) : /\v/',\|(9 — N
is semismall (see e.g. [Ach2l, Theorem 8.4.10]). A consequence of this is that
the pushforward map my; : Dg(./\v/' \, K) = Dg(N, k) is t-exact for the equivariant
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perverse t-structure (see e.g. [Ach21, Theorem 3.8.9]). Further details about the
geometry of Ny can be found in [Lus84].

Define the partial Springer resolution:
./\7,\ = m;l(O)\v) ~ G xP uy.

Indeed, Oyv = {z € N | dimkerz’ < \;} = G -uy. As in Proposition 4.2.2, there
is a bijection

Na=A{(z,F.) e N x Fly | (Fi) € Fia}-
The vector bundle Ny — G/Py;(g,x) — gPy is isomorphic to the cotangent
bundle T%(G/Py\) — G/P). Indeed, the cotangent space of a point gPy € G/Py

1

can be identified with guyg™" via the isomorphism g* ~ g given by the Killing

form (see e.g. [CGI7, Proposition 4.1.2] for a more detailed proof).
Of central importance to the geometric construction of the Schur algebra are

the partial Steinberg varieties:
./\7,\'u = ./\7,\ XNNM'
As in Proposition 4.2.2, there is a bijection

N =~ {(z,p1,p2) € Oxv NO,v x Py x Py | x € p1 Npa}
~ (2, FO, FP) e N x Fly x Fl, | o(FM) ¢ FO, a(FP) c FA ).

(2 K3

Let prog : j\Nf,\M — G/P\ x G/P, be the projection onto the second and third
components in either of these descriptions of N au- For o € &y, consider the

variety
prag (05,) ~ {(2,9 - pr. g5 - p,) € Nau | g € G}

The following result is shown in [CG97, Proposition 4.1.6] and [CG97, Corol-
lary 4.1.8].

Proposition 4.2.3. There is an isomorphism

Ny x N, ~T*G/P\ x T*G/P, ~ T*(G/P\ x G/P,)
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that identifies prys (05,) with the conormal bundle, T(S)i (G/P\ x G/Fy,), to OF,
yn

in G/Py\ x G/P,. In particular, J\~/}\u is equidimensional and
~ 1 ~ ~
dim Ny, = §(dimj\/}\ +dimNV,).

Moreover, the irreducible components of N/\u are ezactly the closed irreducible
subvarieties

NY, = prag (0F,,),
for o € &y, and /\foﬁ = /\foﬁ if and only if 6,016, = 6\026,,.

Example 4.2.4. Consider the variety /(/'(171)7(1’1). This is the disjoint union of the

subvarieties
pr531(@?1,1),(1,1)) ~ {(z,b1,b1) €N X Py x Payy | & € by}

and
p7"2_31(@8,21)),(1,1)) ~ {(0,b1,b2) € N"x Py1) X Papy | b1 # b}

The irreducible components of ./\~/'(171)7(171) are

N(el,l),(l,l) = pr2_31(©€1,1),(1,1))

and

/\7((11,21)),(1,1) ~ {(0,b1,b2) € N' x P(1 1) x P11y}

Remark 4.2.5. The variety /(/'(1,‘..,1)7(17“.’1) is known as the Steinberg variety. For

a survey of results in geometric representation theory that are proven using the

Steinberg variety see [DR09].

4.3 Geometric reconstruction of the Schur algebra

In this section we define the convolution product on Borel-Moore homology and
construct the Schur algebra using the convolution product on the Borel-Moore
homology of the varieties N Ap = Ny X Nu- Before doing this we recall the
construction of Borel-Moore homology using sheaf theory, and define the basis of

fundamental classes for the top Borel-Moore homology space.
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For F € D(X) the sheaf cohomology of F is defined
H*(X, F) i= RT(F) = Homps ) (k. F).
Define the k-th Borel-Moore homology group by
HEM (X, k) = H(X, Dx) = Homps ) (ki [K], D).

If X is a smooth variety, then say that a morphism of varieties f: X — Y is
smooth of relative dimension d if all fibres of f are d-dimensional.

If f: X — Y is a smooth morphism of relative dimension d then f* ~ f'[—2d].
In particular if X is a smooth variety of dimension d, then the canonical surjection
ax : X — pt is smooth of relative dimension d and so Dx =~ k[2d]. In particular

we recover the well-known isomorphism:
HBM(X k) ~ H* % (X k).

If f: X — Y is smooth of relative dimension d, then define the pullback map
f# HEM(Y, k) — H,i]\gd(X, k) by the natural map

f* : Hom(ky k], Dy) — Hom(f*ky [K], f*Dy) ~ Hom(kx [k + 2d], Dx),

where since f is smooth we use the identification f*Dy ~ f'Dy[-2d] = Dx[—2d].
If f: X — Y is proper then f, = f, and so we can define a map

fu : RHom(f*F, f'G) ~ RHom(F, fif'G) — RHom(F,G).
Applying this to F =ky, G = Dy gives the pushforward map
fu s HPM(X k) — HPM (Y, k).

Let ¢ : Z — X be Zariski closed with open complement j : U — X, and

consider the triangle
0Dy ~ii'Dx = Dx — joj*Dx ~ j.Dy —

and corresponding long exact sequence

-+ = Hom(ky,i.Dz[—k]) = Hom(kyx,Dx[—k]) — Hom(ky, j«Dy[—k]) — Hom(ky,i.Dz[—k+1]) — ---
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After applying adjunctions we recover the long exact sequence in Borel-Moore

homology:
; #
—— HBM(7,k) — HBM(X k) —— HBM(U,X) — HBEM(Z,k) —

Proposition 4.3.1. Let X be an irreducible variety of dimension d, and let j : U —
X be the inclusion of a Zariski open subset. Then j# : HBM (X k) — HBM (U, k)

s an tsomorphism.

Proof. Let Z = X \ U. Since X is irreducible, dim Z < d. The result follows by

the long exact sequence in Borel-Moore homology. O

A consequence of Proposition 4.3.1 is that if X is an irreducible variety of
dimension d and U is a smooth Zariski open subvariety of X, then there is an

isomorphism
HﬁiM(Xv k) = H2BdM(U7 k) = Home(U) (kUv kU)

Let [X] € HEM(X k) be the element corresponding to 1 : kyy — ky under this
isomorphism. In the case that X is smooth, [X] : kx[2d] — Dx is the canonical
isomorphism. The element [X] € HPM(X k) is independent of the choice of
smooth open subset U C X (see e.g. [Ach2l, Lemma 2.11.8]).

If X is any (not necessarily irreducible) variety, and 7 : Z < X is an irreducible
closed subvariety of dimension m, then we write [Z] := i4[Z] € HEM (X, k) where
iy HBM(Z k) — HBM (X k).

The element [Z] € HZM (X k) is called the fundamental class corresponding
to the irreducible closed subvariety Z C X.

The following result is well-known (see e.g. [Ach21, Proposition 2.11.11] for a
proof).

Proposition 4.3.2. Let X be a variety of dimension d, and let X1,..., Xy be it’s
d-dimensional irreducible components. Then HglM(X, k) is a free k-module with
basis [X1], ..., [Xk].

A corollary of this result is that

HyM (X, k) =k ® HM (X, Z)
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for any commutative algebra k. By Proposition 4.2.3, it follows from this that

BM _ )
dim Ay +dim N},
tives o of G)\\64/6,..

If X is smooth of dimension d and A and B are closed subvarieties, then there

(N \u» k) has a basis of fundamental classes, | \ ;\’“], for representa-

is an intersection pairing
n: HPY(A k) x HPM(Bk) — HEY 54(AN B k).
To avoid developing more theory than we will use, we do not define the intersection
pairing here.
Definition 4.3.3 (Convolution product). Let M, My, M3 be smooth varieties, and
define the projections p;; : My x My x M3 — M; x M;. For closed subvarieties
Z1o C My x Mo, Zss C My x M3 define the closed subvariety, Z13, of M1 x M3 by:
Z13 = Z12 0 Za3
= {(ml,mg) € My x Ms | dmeo € My : (ml,mz) € Zy9, (mg,mg) € Zgg}.

Suppose the projection p13 : My x My x M3 — My x Mj3 restricts to a proper

map:
P13 1 P1a (Z12) N pa3 (Zos) = Zus.

Define the convolution product:

HPM(Z19,k) x HPM (Z23, k) = HEY 5 g 11, (Z13, K)

cxd = (p13)g(plr(c) NpYs(d)).

We now recall a result about the convolution product on the Borel-Moore
homology of cotangent bundles of smooth complex varieties.

Let X1, X9, X3 be smooth varieties and consider the diagram:

X1 X X2 X X3
y plBl m
X1><X2 X1><X3 X2><X3
Y12 Y13 = Yi2 0 Y3 Ya3
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in which Y;; C X; x Xj is a closed embedding. Consider the following diagram:

T*(Xl X X2 X Xg)

s T
y Pﬁsj/ &

T*(Xl X X2) T*(Xl X Xg) T*(X2 X Xg)
Zlg = T;}H(Xl X XQ) Z13 = TY*'lg(Xl X X3) Zgg = T{%S(XQ X Xg)

The following result is proven by Ginzburg [CG97, Theorem 2.7.26].
Proposition 4.3.4. Assume that Y12 and Yas satisfy two conditions:
(a) The spaces pry (Y12) and py3 (Yas) are transverse.

(b) The map p13 : pry (Yi2) N oy (Ya3) — Yi3 is a smooth locally trivial oriented

fibration with smooth base Y13 and smooth and compact fibre F.
Then the following holds:
(i) There is a set equality Z13 = Z13 0 Za3.

(i) The map priz : priy (Zia) N prog (Zas) — Zig is a smooth locally trivial
oriented fibration with fiber F'.

(iii) In HPM(Z13,Kk):
[Z12] * [Za3] = x(F) - [Z13],

where x(F) is the Euler characteristic of F.
Example 4.3.5. Consider the case
X1=G/P\,  Xo=G/Pxira;;,  X3=G/Pri(ris)a;
Let
Yiz = OX ) yra; = {(Fu, Fi) € Flx X Flayra, | Fi C Fj, Fj = Fjif j # i}
and

Yo3 = ©§\+rai,)\+(r+s)ai
= {(]:*7};/«) € fl)\-i-fai X ‘Fl)\—i-(r-I—s)ozi | Fi C ‘7:7,/3‘7:} :]:], if j # Z}
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Note that for any pair (Fs, F) in Yia (respectively Ya3), dim F}/F; = r (respec-
tively dim F//F; = s). Then

Yi3 = @f\,k—&-(r—&-s)ai ~ {(]:*,]:;) € Fly x .7:1)\_;,_(,,_;'_8)&1. ’ Fi C ]:i,?]:j = .7"-]/ ifj 75 Z}
and

~ Are __ ATE __ ATE
Zyg ~ N)\,)\—I—rai? Zaz = N/\+Ta¢,)\+(7'+s)ai7 Z13 = N/\,)\+(r+s)

a;”

Proposition 4.3.4 says that in HFM(Nf A ( k):

r+s)ay’

\/€ \ /€ r+s \ /€
[N)\,)\—l—roei] * [NA+7’ai,)\+(7’+s)ai] = < r ) [NA,)\—F(T—FS)%]‘

Indeed pp5 (Yi2) N pyg (Yag) is the variety
{(f*aflaf!k/) € fl)\xflkﬁ-roainl)\—&-(r—&-s)ai ’]::L - H - ]:i”afj = ]:; = f]” it j # 2}7

where dim F//F! = s and dim F!/F; = r for each (F., F.,F') € piy(Yi2) N
Pys (Y23). In particular the fibre of the map pi3 : pyy (Yi2) N poy (Ya3) — Vi3 is

homeomorphic to the Grassmannian of r dimensional subspaces of C"**. This

Grassmannian has Euler characteristic (rjs).

Theorem 4.3.6. There is an algebra isomorphism

~ BM Y
Si(n, d)* = @ Hdim]\?}—i—dim/f/u Wau k)
A €A (n,d)

defined

1y — [N,
Ei(r)l/\ = [ ~)i)\+ra¢]

F 1 = WS A-ra]

Proof. Define the algebra

BM Y
Hi(n, d) = @ HdimJ\TA—l—dimNu(N/\“’k)'
A puEA(n,d)
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Note that identity in Hy(n,d) is the element
L= Z NS A
AeA(n,d)

For A\ € Z" in which A ¢ A(n,d), we set

X = Nl = 0 € Hi(n, d)

for any 0 € G4 and any pu € Z".

By Proposition 4.3.2, Hyz(n, d) is the Z-subalgebra of Hc(n, d) spanned by the
fundamental classes [~/\”M] for all A\, € A(n,d) and 0 € &4. Ginzburg [CGI7,
Proposition 4.2.5] defines an isomorphism ¥ : S¢(n,d)? — Hc(n,d) that sends

Ly N5, Eilyx = NS sial: Fily = NS, o )-

For completeness we sketch a proof of Ginzburg’s result. By Proposition 3.1.3,
to show that ¥ : S¢(n,d)? — Hc(n,d) is well-defined it suffices to check that the
opposite of relations (3.9)-(3.12) hold in Hc(n,d). That is,

N % NS AL = S0uNE AL (4.2)

VA * VS aa] = VS asas) * NS o adads

[Nf,x] * [N)\e,,\—ai] = ['/\T)i)\—ai] * ['}\N[)f\z—ai,/\—aiL
[N)(f,)\fai] * [foai,)\] = [Nf,wrai] * [mei,ﬂ + (N — )\i+1)[/\7§,,\] (4.4)
[Nf,x—aj] * [Nf—aj,x—aﬁa,-] = NS s * [Nf+ai,/\+ai—aj] (i # J), (4.5)

Equations (4.2) and (4.3) follow from the definition of the convolution product.
Equation (4.5) follows from Proposition 4.3.4. A proof of Equation (4.4) is given
in [CG97, Equation (4.3.8)].

The surjectivity of ¥ : Sc(n,d)” — Hc(n,d) is shown in [CGI7, Proposition
4.3.14]. Since dim S¢(n,d)? = dim Hc(n,d), the map ¥ : Sc(n,d)? — Hce(n,d)
is an isomorphism.

It follows from Example 4.3.5 that ¥ : S¢(n, d)? — Hc(n,d) maps
ENy e WS aa)  and DLy NG, )
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Indeed, by induction on 7r:

W(ED1) = 2o(ED1L) s WE V)
T
L - e \ /€
= ;[NA,)\-FO@'] * [ >\+ai,)\+rozi]
= [ N)i)\—l—rai]‘

Hence ¥ maps Sz(n,d)? isomorphically onto the Z-subalgebra of Hz(n,d)

generated by the fundamental classes [N ,], [NY )\ ,..]; | V N A_ra, for each A €
A(n,d), each i € [n — 1], and each r € N. Since Sz(n,d) and Hz(n,d) are
free Z-modules of equal rank, the embedding ¥ : Sz(n,d)? — Hz(n,d) is an

isomorphism. The result follows. O
The following question follows naturally from Theorem 4.3.6.

Open Question 4.3.7. Where does the the isomorphism Sc¢(n,d)? — Hce(n,d) in
Theorem 4.3.6 send an arbitrary standard basis element 51)\ defined in Section
3.87

4.4 A new proof of Mautner’s equivalence Py (N, k) ~ Si(n, d)-mod

In this section we use the characteristic-free version of Ginzburg’s construction of

the Schur algebra to prove the following result.

Theorem 4.4.1. If n > d, then the perverse sheaf

Tpg:= @ kg, [dim V]

AeA(n,d)

is a projective generator of Po(N, k), and Sk(n,d)° =~ Endp, k) (Tn,a)-

In particular, the functor
HompG(Njk) (Fn,d7 —) : PG (./\/, k) — Sk(n, d) -mod

s an equivalence of categories.
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To prove this theorem we use Achar and Mautner’s geometric Ringel duality

functor [AM15] to define an algebra isomorphism (Lemma 4.4.8)

Endp i) (Tna) = Endpvig( €D kg, [2dim G/ Py)),
AEA(n,d)

and use the Ginzburg construction of the Schur algebra to show (Proposition
4.4.11) that

Si(n,d)” ~ Endp, v ( @D maky, [2dim G/Py]).
AeA(n,d)

Lemma 4.4.3 together with Lemma 4.4.9 show that the object I', 4 is projective.
In Sections 4.4.1 and 4.4.2 we recall basic properties of the parabolic induction
and the geometric Ringel duality functors on Pg(N, k).
In Section 4.4.3 we prove Theorem 4.4.1 and evaluate the equivalence Pg(N, k) ~

777“1‘ 4 on simple, projective, and injective objects.

4.4.1 Parabolic induction functors

Consider the following diagram in which the squares are Cartesian.

L2 —py 25 gn=GxPpy —2 g

] o] J T

» by m
NL/\ QNP)\ (—A>N,\::GXPANP/\%>N

] J T

{0} « 22—y 2 5 Ny =G xPruy 5 Oy

ES

Here, py : px — pr/uy = [ is the quotient map and ¢y : py = G x P P is the

section = — (e, x), where e € G is the identity matrix. Recall the following facts:

e Any Ly-variety X can be regarded as a Py-variety with Py action factoring
through the quotient Py — L). For such an Ly-variety X, the forgetful
functor Forfi : D?DA (X, k) — D%A (X, k) is an equivalence of categories that
is t-exact for the perverse t-structure [BL94, Theorem 3.7.3] (see also [Ach21,
Theorem 6.6.16]).
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o If X is a Py-variety and ¢ : X — G x™ X is the map x — (e, ), then the

functor
Qx = g} o Forfy [~ dim G/P)] : D&(G x™ X k) — D} (X, k)

is an equivalence of categories that is t-exact for the perverse t-structure
[BL94, Theorem 2.6.3] (see also [Ach21, Theorem 6.5.11]). Moreover, there

is a natural isomorphism Qx ~ ¢' o For% [dim G/ Py].

e The map p) : py — [y is smooth of relative dimension dim G/Py and so the

functor
pAldim G/ Py] = py[— dim G/ Py] : D, (pa, k) — D, (Iy, k)

is t-exact for the perverse t-structure (see e.g. [Ach21, Proposition 3.6.1]).

Moreover, since m : gy — g is proper, the functor
mar = m. - Di(8x, k) = D (g, k)
is t-exact for the perverse t-structure.
For each weak composition A of d, define the parabolic induction functor
indy := my o Qp_f opy[dim G/Py] o (Forfi)_l.

By the above remarks, this functor is t-exact for the perverse t-structure. More-

over
indy ~ my. 0 Q. 0 pi[— dim G/Py] o (ForpX) ™ : D} (I, k) — Df(g, k).

Let iy = myoqy : px — ¢ be the inclusion map. The functor indy has left and
right adjoints resy := pyi2} and resg\ = p,\*z& respectively (here we are suppressing

the forgetful functors in the notation).

Remark 4.4.2. The parabolic induction functor has an alternative description:

indy = I'G, oy, opj o (For)))™! : DY (Ih,k) = Di(g.k),
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where F% : D?DA (g,k) — D%(g,k) is the right adjoint to the forgetful functor
DY (g, k) — DY (g,k) (this adjoint is defined in [BL94, Theorem 3.7.1]). See
[AHJR16, Lemma 2.14] for a proof that the two descriptions of parabolic induction

are equivalent.

The functor indy sends objects supported on Ny, (respectively {0}) to objects
supported on Ng (respectively Oyv). Indeed, this can be checked using proper
base change. In particular, ind) : D%)\([A7 k) — DY (g, k) restricts to functors

indy, =1y o QE}A o iy [dim G/Py] o (For;*) ™" : D} (N, k) — DE(N k)

indy 1=y 0 Q! o p3ldim G/Py] o (For))™! : DY ({0}, k) — D (O, k)

Likewise, the restriction functors resy,res) : D%(g,k) — D%A([A,k) restrict
to functors résy,1ésy : DN, k) — D} (Ni,.k) and résy,rés) : D (Oxv, k) —
D%A({O},k). Moreover, the functors rés), rés!)\, rés), rés!)\ are t-exact for the
perverse t-structure [AHR15, Proposition 4.7].

For a weak composition A of d, define the perverse sheaves

F/\ = ind/\(kNL)\ [dimNL/\]) ~ ﬁ%)\lk/\v/)\ [dimM,
§* := indy (D, [dim N7, ]) = DI,
A = indy Koy =~ (K g, [2dim G/ Py]).

For example, [(1-1) ~ §1) ~ A1) ~ kaNH AAAAA 1)[
sheaf. At the other extreme,

dim N7 is the Springer
M~ ky[dimN], S¢~Dy[dimN], and A%~ kyoy-
Lemma 4.4.3. For each weak composition \ of d:
(i) The perverse sheaf T* € Pg(N,k) is projective.

(ii) The perverse sheaf S* € Pg(N, k) is injective.

Proof. Tt follows immediately from [AM15, Proposition 5.1] that for any weak
composition X of d, the perverse sheaf kn, [dim N7, ] is projective in Pr, (N7, ,k).
Since indy : Pp, (N1, k) = Pg(N, k) has an exact right adjoint, the perverse sheaf
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= iﬁd)\(k/\&x [dim N7, ]) is projective in Pg(Ng, k). Statement (ii) follows by
the dual argument. O

Remark 4.4.4. Given F € Dqr,, (NgL,,, k), and G € Dgr,, (Mg, , k), the complex

m

F X G is a GLy, x GLy-equivariant sheaf on Nqr,,,,,. There is a product
—x— 1= indy, o) (=X—) : D, (NaL,,, k) xDar, (Naw,; k) = Dar,, . (NGL,, 0 K)-
Moreover there are natural isomorphisms

(FxG)xH=Fx(G+H) and  D(FxG) =2 DFxDG. (4.6)

Indeed see e.g. [Ach2l, Lemma 7.2.4, Lemma 7.2.7] for proofs about the analo-
gous statements about the convolution product on equivariant sheaves on the flag
variety.

It follows directly from the definition that A* = AM % ... x AMn TA = TN &

<ok TMand SA = M w -k S0,

4.4.2 Geometric Ringel duality

We next describe the geometric version of Ringel duality due to Achar and Maut-
ner [AM15]. For this we recall the definition of the Fourier-Sato transform.

Let b be a complex Lie algebra. Consider the C*-action on h given by scaling.
Say that an object F € Dl}{(h, k) is conic if for each x € b, and i € Z, the
sheaf H!(F)|cx., is locally constant. Let Dﬁcm(h,k) C D% (h,k) denote the full

subcategory of conic objects.

Define the H-stable subset P C § x b by:

P ={(z,y) € h x b | Rk(z,y) <0},

where Rk(z,y) is the real part of the Killing form of x and y. Let m,m: P — b
be the projections onto the first and second components.

Define the Fourier-Sato transform
Th = WQ!WT [dlm h] : D?—I,con(h’ k) — D?—I,con(hv k)
This functor is an equivalence of categories with quasi-inverse Tb_l = 7r1*7r!2 [— dim b].
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Remark 4.4.5. In this thesis we only consider a specific type of Fourier-Sato trans-
form (in the usual definition, h would be replaced with any real vector bundle).
For the more general definition see [KS90, Definition 3.7.8]. Note also that the

usual definition of the Fourier-Sato transform does not include a shift by dim b.
We list two important results about the Fourier-Sato transform.

i) [KS90, Proposition 10.3.18] The functor Ty is t-exact for the perverse t-
b

structure.
(ii) [KS90, Lemma 3.7.10] There are isomorphisms in DZI’{, con (B, k):

Ty (g dim b)) = k),
Ty (ky) = iy dim b].

(4.7)

The following proposition extends the latter result in the case that b = gly.

Proposition 4.4.6. For a weak composition, A, of d, there are natural isomorphisms
in D% (g,k):
Tg(m}dk@ [dim g]) ~ mA!kNA [dim./\N/’)\],
Ty (rink g, [dim NA]) =~ makg, [dim g].
Proof. Mircovi¢ [Mir04, Lemma 4.2] shows that the Fourier-Sato transform func-
tor commutes with the parabolic induction and restriction functors. Hence:
T (m)\!kg)\ [dim g]) ~ Tq(indy ki, [dim [}])
~ ind)\(TKAk[A [dim [)\])
~ indy ko

~ ﬁl)\!kj\?—/\ [dim ./\7,\]
The result follows. O

Remark 4.4.7. For a direct proof of Proposition 4.4.6 that does not use the in-
duction functor one could use the methodology of [AHJR14, Lemma 2.2], which
proves Proposition 4.4.6 in the case A = (1,...,1).

107



Achar and Mautner [AM15] define the geometric Ringel duality functor:
R := i*Tyir[—d] : DL(N, k) — DL(N, k),

where i : N < g is the natural embedding. Note that any object in D% (g, k) that
is supported on N is conic, and so this definition makes sense. They show [AM15,

Theorem 4.2] that R is an equivalence of categories with quasi-inverse

R~ =T, i[d] : DE(N, k) — DE(N, k).

Lemma 4.4.8. For any weak composition, X\, of d, there are natural isomorphisms

in Pa(N,k):
(i) RAN ~T?,
(ii) R™IAN ~ S,
Proof. Consider the Cartesian square

I — g

i

./\7)\ T)\) N
Statement (7) follows from the following sequence of isomorphisms
*TgiyAM[—d] == i*mykg, [d* — d]
~ ik, [d* — d]
~ kg, [d° - d]

.

where the first isomorphism follows from Proposition 4.4.6 and the second iso-
morphism is an application of proper base change. Statement (i7) follows from

the dual argument. O
Lemma 4.4.9. The following hold:

(i) The projective objects of Pervg (N, k) are isomorphic to direct sums of direct

summands of objects of the form T'*.
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(i1) The injective objects of Pervg (N, k) are isomorphic to direct sums of direct

summands of objects of the form S™.

Proof. By Corollary 2.3.11, the category Pervg (N, k) is finite and the projective
indecomposable objects in Pervg (AN, k) are in one-to-one correspondence with
the set, A(d), of partitions of d. It is already shown in Lemma 4.4.3 that the
objects T* are projective. To show Statement (i) it suffices to show that the
object Pea(a) I'* has (at least) |[A(d)| many indecomposable direct summands
(up to isomorphism).

By Lemma 4.4.8, there is an isomorphism R_l(®AeA(d) ) ~ Drcaq) AN
Since A* is supported on O,v, the object A* has an indecomposable direct sum-

mand, 7v, in which suppTyv ~ O,v. The objects Py := R(T,v) form the

required collection of indecomposable summands of &, A(d) I

Statement (ii) holds by a similar argument. O

For a partition A of d, let hy : Oy < N denote the inclusion map. Define the

simple perverse sheaf
IC) := hyke, [dim O,].

Let Ty and Py := R(T,v) be the indecomposable objects of Pg(N, k) defined in
the proof of Lemma 4.4.9. Achar and Mautner [AM15, Theorem 6.1] show that
Py, is a projective cover of IC)'.

By definition of the indecomposable objects Ty, the perverse sheaf A* has a

decomposition into irreducible objects of the form

A)\ ~ 7—)\\/ ® @ Emku
p<AY
for some numbers m), € N. By applying the geometric Ringel duality functor,
it follows that the perverse sheaf I'* has a decomposition into indecomposables

objects

M~ Pya@r ™ (4.8)
T2\

for some numbers m), € N.

!The proof of this fact does not rely on the equivalence Pg (N, k) ~ Pk.
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Remark 4.4.10. It follows from the equivalence Pg(N, k) ~ P% that Pg (N, k) is
a highest weight category. Achar and Mautner [AM15, Lemma 6.2] show that
the objects 7, are the indecomposable partial tilting objects in Pg(N,k). In
particular, the functor R restricts to an equivalence between the full subcategory
of partial tilting objects in Pg (N, k) to the full subcategory of projective objects
in P (N, k). This is the motivation for the term geometric Ringel duality.

4.4.3 The functor Hom(T',, 4, —) : Po(N, k) — Sk(n, d)-mod

In this section we prove Theorem 4.4.1, and show that the equivalence Hom(I',, 4, —) :
Pg(N,k) — Sk(n,d)-mod maps the simple perverse sheaf IC to the simple
Sk(n, d)-module with highest weight A (Proposition 4.4.12).

To prove Theorem 4.4.1 we need the following known result (see e.g. [CGI7,

Theorem 8.6.7]) relating Borel-Moore homology with morphisms of perverse sheaves.
Proposition 4.4.11. Consider a Cartesian square of varieties:

M1 XNMQ L) M1

le lm

Mo — N
in which Ms is smooth. Write d; := dim M;. Then
HPM (M x v My, k) = Homupy ) (p1kay, K], pokpr, [2do]).-

Moreover suppose that ps : Mo — N is proper, My, Ms and Ms are smooth

varieties, and ps : Ms — N is a map of varieties. Write
Hy(X) := HPM (X k)
for any variety X and k € N. Write
(M;[k], M;[l]) := Hompsny (kg (K], paikpy, [1])-
Then the following diagram commutes:

Hk(Ml XN Mg) & HI(MQ XN M3) = (Ml[k+l—2d2], Mg[l]) & (MQ[Z], M3[2d3]>

_*_l l_o_

Hivi—24,(My XN Ms) = (M [k+1—2d3], M2[2d3])
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Proof. The first part of the lemma follows from the isomorphisms:

Homp(as, s v Mz) Ky x Mo PR A < 1) = HOmop g, sy at) (F1 Ky 5 féDKMQ)
~ Homp(z,) (K, » frs 5Dk, )
~ Homp(rry) (K, » 141 112Dk )
~ Hompyns,) (K, , 1 12k g, [2 dim Mo))
(

~ Hompaz,) (111K, > sk, [2 dim Ma))

Note in particular that the third isomorphism is due to proper base change and
the fourth isomorphism is due to the smoothness of Ms.

The proof of the second part of the lemma involves more theory than we are
prepared to develop here. We refer to [CG97, Theorem 8.6.7] for a complete
proof. ]

Proof of Theorem /.4.1. Lemma 4.4.9 shows that if n > d then the perverse sheaf
o r
AEA(n,d)
is a projective generator of Pg(N, k). Since Pg (N, k) is finite (see e.g. Corollary
2.3.11), to show Theorem 4.4.1 it suffices to define an algebra isomorphism
Sk(n, d)” = Endp, (v k) (T'n,a)-

This isomorphism is defined by the following chain of algebra isomorphisms

Sk(n,d)P ~ @ HEM (N oxy N, k)

dim Ny +dim N,
A pEA(n,d)
~ @ Home(N,k) (m)\!kj\y)\ [dim./(/’)\], mu!kﬁfu [dim./\N/’u])
A (n,d)

~Endp, v ( € A
XeA(n,d)

~ EndPG(Nk)( @ FA)
AEA(n,d)
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Here the first isomorphism is the characteristic-free Ginzburg construction of
the Schur algebra (Theorem 4.3.6), the second isomorphism is due to Proposition
4.4.11, and the fourth isomorphism is given by the geometric Ringel duality functor
([AM15, Theorem 4.2] and Lemma 4.4.8). O

Let AT(n,d) :=={(\1,-.., A\n) € A(n,d) | A1 > ... > A} be the set of dominant
weights in A(n,d). For A\ € AT(n,d), let L} be the simple Sk(n, d)-module with
highest weight .

Proposition 4.4.12. For A € A" (n,d), there are isomorphisms of Sk(n, d)-modules

HomPG(N7k) (and’ IC}‘) = L;’;? (49)
Hom p, (v ge) (T 0, T*) = TAK", (4.10)
Hom p,, (7 ) (g, S%) = S7K"™. (4.11)

Proof. Equation (4.10) follows from the chain of isomorphisms:

Homp, () (Tna: TY) =~ @D Homp, (T4, T7)
nEA(n,d)

~ Sk(n, d)l)\
~ TAK™.

Equation (4.11) follows from the dual argument.

By comparing the decompositions of I'* and T*k™ into projective indecompos-
able objects (see Proposition 3.4.4 and Equation (4.8)), the functor Hom p,, (a7 k) (T'n,a, —)
sends the projective cover of IC) to the projective cover of LY. Equation (4.9)

follows immediately.
O

4.5 Highest weight structure on Pg (N k)

In this section we describe the highest weight structure on Pg (N, k), and use this
structure to show that Homp,, k) (Tp.as AN) =~ AYk™ for all A € A(n,d), when
n > d (Proposition 4.5.4).
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It is well known that Schur algebras are quasihereditary [Don86, (2.2h)]. More
precisely, the category Pﬂé’ 4 1s a highest weight category with respect to the dom-
inance order, <, on A" (n,d). It follows from Theorem 4.4.1 that Pg(N k) is a
highest weight category. The following proposition describes the standard and
costandard objects in Pg(N, k).

Proposition 4.5.1. The category Pg(N, k) is a highest weight category with respect
to the poset A(d) of partitions of d. The standard objects are defined

A(X) :=PH  (hxke, [dim O,])
and costandard objects are defined

V(A) :=PH"(hxko, [dim O,]),
where hy : Oy < N is the inclusion map.

Proof. The category A := Pg(N, k) has a stratification by A(d), given by defining
Serre subcategories Ay 1= Pg(Uycar Oas k), for each closed-downwards subset
A’ C A (see Example 2.1.8). The perverse sheaves A(\) and V() are the standard
and costandard objects of Pg (N, k) defined by this stratification (see Section 2.4).
If n > d then B := Pﬁ";‘,d is a highest weight category with respect to A(d)
[Don86, (2.2h)]. By Theorem 2.5.2, B has a homological stratification by A(d)
defined by setting, for each closed-downwards subset A’ C A, the category By to
be the Serre subcategory of B generated by simple objects LY in which A € A’
By Proposition 4.4.12, the functor Hom p,, (a7 k) (I'n,d, —) restricts to an equiva-
lence between Ay, and By for each closed-downwards A’ C A. The result follows

immediately. O

Recall that an object in a highest weight category is called partial tilting if
it has both a filtration by standard objects and a filtration by costandard ob-
jects. Ringel [Rin91, Proposition 2] shows that if A is a highest weight category
with simple objects Ly indexed by a poset A, then for every A € A there is a
unique (up to isomorphism) indecomposable partial tilting object, T}, satisfying

the conditions:
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(i) All composition factors, L, of Ty satisfy p < A.
(ii) The simple module L is a composition factor of T with multiplicity 1.

Moreover all indecomposable partial tilting objects in A are of this form. We call
T the indecomposable partial tilting object associated to A.

The following proposition is due to [Don93, Lemma 3.4].

Proposition 4.5.2. The partial tilting objects of 777“1‘ 4 are isomorphic to direct sums

of direct summands of modules of the form AMk™.

The partial tilting objects in Pg(N,k) are characterized by the following

proposition. A different proof of this result is given in [AM15, Lemma 6.2].

Proposition 4.5.3. The partial tilting objects of Pg(N,K) are isomorphic to direct

sums of direct summands of objects of the form A™.

Proof. The induction functor indy : Pr, ({0}, k) — Pg(Oyv,k) has exact left and
right adjoints. Since kyqy is projective and injective in Pr, ({0}, k), the perverse
sheaf A* := ind, kyoy is projective and injective in Pg (Oav,k). In particular, A*
has a filtration by standard objects and a filtration by costandard objects.

It remains to check that there are |A(d)|-many distinct indecomposable sum-
mands of @, A* (up to isomorphism). This is shown in the proof of Lemma

4.4.9. U

It follows from Proposition 4.5.3 and the proof of Lemma 4.4.9 that, for any
A € A(d), the perverse sheaf T, (as defined in the proof of Lemma 4.4.9) is the
indecomposable partial tilting object in Pg(N, k) associated to A.

We next summarise the theory of Ringel duality in highest weight categories.

Say that an object T' in a finite abelian category A is a generalized tilting

object if:
(i) T has finite projective dimension.

(ii) Exty(T,T) = 0 for all i > 0.
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(iii) For any projective object P € A, there is an exact sequence 0 — P — T} —
- — T, — 0, where the T; are objects in the category, add T, of finite

direct sums of direct summands of T'.

Generalized tilting objects were first studied in [Miy86]. Rickard [Ric89, Theorem
6.4] shows that if T is a generalized tilting object in .4 then the functor

RHomy(T,—) : D*A — D’ End(T)*-mod

is an equivalence of categories that restricts to an equivalence between add T and
the category of projective objects in End(7")°P-mod.

If an object, T, in a highest weight category A contains each indecomposable
partial tilting object as a direct summand, then 7' is a generalized tilting object
in A [Rin91, Section 5]. Such objects are called characteristic tilting objects.

If T is a characteristic tilting object in a highest weight category A-mod, then

the equivalence
RHom (T, —) : D’ A-mod — D® End(T')°P-mod

is called a Ringel duality functor, and the algebra End(T')° is called a Ringel
dual of A. If A-mod is a highest weight category with respect to a poset A, then
End(T)°P-mod is a highest weight category with respect to the opposite poset A%
[Rin91, Theorem 6]. Moreover, for A\ € A and corresponding element ' € AP,
the Ringel duality functor maps the indecomposable partial tilting object T to
the projective indecomposable Py [Rin91, Lemma 7].
Donkin [Don93, Proposition 3.7] shows that if n > d, then there is an algebra
isomorphism
Se(n, d)* ~ Endp: ( P Ax. (4.12)
AEA(n,d)
By Proposition 4.5.2, the object @/\EA(n,d) A*Kk™ is a characteristic tilting object.

In particular, if n > d then there is an equivalence of categories

Rpa = RHompe (€ A", —):D'Ps, = D'Py,
" XeA(n,d)
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that restricts to an equivalence between the full subcategory of partial tilting
objects in 7311;’ 4 and the full subcategory of projective objects in Pﬂé’ 4- Moreover,
this functor maps the indecomposable partial tilting object Thv to the projective
cover, Py, of LY.

We remark that by the isomorphism in (4.12), Ry, 4(ANk™) ~ T k™.

Proposition 4.5.4. Let n > d. For any A € A(n,d), there are isomorphisms of
Sk(n, d)-modules
Hom g, (nr ) (Tnas AY) = AK™.

Proof. Let Tiltg(N, k) (respectively Projg (N, k)) be the full subcategory of Pervg (N, k)
consisting of partial tilting (respectively projective) objects. Let Tiltﬂ;d (respec-
tively Projﬂg,d) be the full subcategory of 775 4 consisting of partial tilting (respec-
tively projective) objects.

Hence the result follows from the commutativity of the following diagram of

equivalences of categories.

Hom(T',, 4,—
Tiltg (N, k) Hom{Tna,7), Tilt¥

| [re

. -k
PI'OJG(N, k) m} PrOJn,d

This diagram of functors commutes since both paths of functors map the inde-

composable object Tyv to the projective cover, Py, of LY. O

For the remainder of this section we discuss a possible generalization of The-
orem 4.4.1 that arises naturally from this discussion.

Let H be a connected complex reductive Lie group, and let X be a H-variety
with finitely many orbits Oy, for A in an indexing set A. Suppose also that for each
A € A and x € O, the stabilizer of x has finitely many connected components.

By Corollary 2.3.13, for any field k, Py(X,k) is equivalent to a category
Ax-mod, for some finite dimensional k-algebra A x. The proof of Corollary 2.3.13
does not give an explicit construction of the algebra Ax - indeed the abstract

nature of this proof suggests that a construction of Ax is difficult in general.
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The proof of Theorem 4.4.1 suggests an approach to a weaker version of this
problem: Can Borel-Moore homology be used to construct an algebra Hx in which
DPy(X, k) ~ DPH x-mod?

The following makes this question more precise.

Open Question 4.5.5. Let H be a connected complex reductive Lie group, and
let X be a H-variety with finitely many orbits Oy, for A in an indexing set A.
Suppose also that for each A € A and x € Oy, the stabilizer of x has finitely many
connected components.

Suppose moreover that each orbit closure Oy, has a proper H-equivariant semis-

mall resolution of singularities
m* : X* — O,.
Define the convolution algebra

— BM _ _ A 1L
Hx = D Hi g gim (X xx X1 ).
A HEA

Define the perverse sheaf Tx = @, mikza [dim X*] € Pervy (X, k).
Find necessary and sufficient conditions in which T’x is a generalized tilting

object in Py (X, k) i.e. find necessary and sufficient conditions in which
RHomp, (x 1) (Tx,—) : Dy (X, k) — D"H¥-mod
is an equivalence of categories.

An example of a GL, (C)-variety satisfying the conditions of Open Question
4.5.5 is the enhanced nilpotent cone defined in [AH0S].

4.6 Appendix: Towards a geometric version of the homoge-

neous external product
A consequence of the equivalence Pg(N,k) ~ P¥ is that there is a functor
real : DPP% — DEL(N k)
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that restricts to an equivalence of abelian categories real : P¥ — Pg (N, k) (see e.g.
[Ach21, Theorem A.7.16]). Such a functor is usually called a realization functor.

It would be interesting to have an answer to the following question.
Open Question 4.6.1. Define a product
—:D%(N,k) x DL(N, k) — D& (N, k)
in which the following diagram commutes

Db,Pd ,Db,Pkreal X real,Db (N, ]k) % ,Dg(j\/—, ]k)

ot |-

DVPY real DY(N, k)

Suppose that such a product ¢ exists. Then the following two properties of ¢

follow from Proposition 4.4.12:
e The unit of ¢ is ky[dim A]. That is,
ky[dimN]oF ~ F
for any F € D%(N, k). Indeed, this holds since I'’k® is the unit of ®%.

e For all compositions A, i of d, there are isomorphisms

makyy, [dimN] o Tk, [dim V] ~ GB ki [dim N
veA)

Indeed, this follows from Lemma 3.6.2.

Krause [Kral3, Proposition 5.4] shows that S?@%— : D* RepI' — D° Rep I'
is a Serre functor in the sense of [BK89]. We expect the same to be true of
Dy [dimN] o — : DL(N, k) — D (N, k) since Hom(T,, g, Da[dimN]) ~ Sk™.
That is, we expect that for F,G € DL (N, k), there are natural isomorphisms

Hom(F,G)* ~ Hom(G, Dy [dim N] o F).

Remark 4.6.2. For discussions of the useful properties and applications of Serre
functors see e.g. [BOO1] and [MSO08].
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Krause [Kral3, Theorem 5.1] describes Ringel duality of the Schur algebra
using the internal product on strict polynomial functors. More precisely, [Kral3,

Theorem 5.1] says that, for n > d, the following diagram commutes:

DPRep ' —— DbPk
Ad@L_l \L(®>\€A(n,d) A>‘]k°°)®L—

DPRep ' —— DbPk

We expect that if the product ¢ exists then it should be related to the inverse
geometric Ringel duality functor R~! in the same way that the internal product
on strict polynomial functors is related to the functor @, A(n,d) Ak>® @ —. More

precisely, we expect that there are natural isomorphisms
drm—T1 -
kioy o F =i’ Ty i Fld]

for all F € D% (N, k).
Because of these properties, we believe that such a product ¢ might prove a
useful tool in the study of Pg(N, k) and may invite a novel approach to computing

the Kronecker coefficients.
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