
Heisenberg Categorification in Positive Characteristic

Giulian Wiggins 1

University of Sydney

2020 AustMS Meeting (hosted by University of New England)

1Joint work with Jiuzu Hong (University of North Carolina) and Oded Yacobi
(University of Sydney)

G. Wiggins (USYD) Heisenberg Categorification January 20, 2023 1 / 22



Plan

1 The story in characteristic zero (due mainly to Khovanov [2014] and
Brundan-Savage-Webster [2019])

2 New Results: A characteristic free approach (due to Hong-W.Yacobi -
unpublished)
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Khovanov’s original result [2014]

Let k be an algebraically closed field of characteristic zero.

Consider the category

R :“
à

dPN
kSdMod

Recall that
K0pRq » Sym :“ lim

nÑ8
krx1, . . . , xnsSn

Consider the Heisenberg ring Heis ãÑ EndpSymq “ EndpK0pRqq.

Khovanov [2014]: There is a category Heis and functor
Heis Ñ EndexactpRq making the following commute:

Heis EndexactpRq

K0pKarpHeisqq ãÑ Heis EndpSymq » EndpK0pRqq

K0pKarp´qq K0p´q
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The category R :“
À

dPN kSdMod

Aim: Define a monoidal structure on R

Indm,np´,´q : kSmMod ˆ kSnMod Ñ kSm`nMod

Indm,npM,Nq :“ kSm`n bkSmˆkSn pM b Nq

E.g.(1): Indm,npkSm,kSnq “ kSm`n

E.g.(2):
Indm,np´,kSnq “ kSm`n bkSm ´ : kSmMod Ñ kSm`nMod

Induction Product ´ b ´ : R ˆ R Ñ R
R has a tensor product:

´ b ´ :“
à

m,n

Indm,np´,´q : R ˆ R Ñ R
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The category R :“
À

dPN kSdMod

Aim: Define an internal hom on R

r´,´sm,n : pkSmModqop ˆ kSnMod Ñ kSn´mMod (n ě m)

rM,Nsm,n :“ HomkSmpM,N|kStn´m`1,...,nu
q

kSn´m ýrM,Nsm,n by postcomposition
(since kSn´m ãÑ kSn ýN)

E.g. rkSm,´sm,n “ ReskSn
kSn´m

p´q : kSn Ñ kSn´m

Internal Hom r´,´s : Rop ˆ R Ñ R
R has an internal hom

r´,´s :“
à

m,n

r´,´sm,m`n : Rop ˆ R Ñ R

i.e. For all objects M P R, p´ b M, rM,´sq are an adjoint pair.
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The category R :“
À

dPN kSdMod

Summary so far:

R is a closed symmetric monoidal category i.e. R has a b-product
and internal hom r´,´s.

Induction/restriction endofunctors are special cases of applying b and
r´,´s.

In particular we have endofunctors

Ò :“ ´ b kS1 “
à

d

Ind
kSd`1

kSd
p´q : R Ñ R

Ó :“ rkS1,´s “
à

d

Res
kSd`1

kSd
p´q : R Ñ R

and

Ò˝n“ ´ b kSn : R Ñ R, Ó˝n“ rkSn,´s : R Ñ R
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Recollections about Grothendieck rings

Definition of K0pCq

If C is a symmetric monoidal abelian category with exact tensor product
then K0pCq is the commutative ring:

Generators: rX s for objects X P C.
Relations: rX s ` rZ s “ rY s whenever there is a short exact sequence:

0 Ñ X Ñ Y Ñ Z Ñ 0

Multiplication:
rX s ¨ rY s “ rX b Y s

EndexactC ù EndpK0pCqq

If F : C Ñ C is an exact monoidal functor then there is a ring
homomorphism rF s : K0pCq Ñ K0pCq:

rF s : rX s ÞÑ rF pX qs
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The Grothendieck ring of R

Grothendieck ring of R
There is a ring isomorphism

Sym Ñ K0pRq

sλ ÞÑ rSλs

Example

en :“ elementary symmetric functions

hn :“ complete symmetric functions

Then

Sym Ñ K0pRq

en ÞÑ ksgn P kSnMod

hn ÞÑ ktriv P kSnMod
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The Heisenberg ring Heis

Definition of Heis

For f P Sym:

f ` : Sym Ñ Sym is given by left multiplication by f .

f ´ : Sym Ñ Sym is the adjoint operator of f ` with respect to the
inner product on Sym: psλ, sµq “ δλ,µ.

Heis is the subring of EndpSymq generated by f `, f ´ for f P Sym.

Properties of Heis

Heis is generated by e`
n , h´

n for n P N.
The action Heis ýEndpK0pRqq is defined by

e`
n ¨ rX s “ rksgn b X s

h´
n ¨ rX s “ rrktriv ,X ss
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The Heisenberg category Heis

Desideratum: We want a category Heis giving the situation:

What objects/morphisms should be in the image of
Heis Ñ EndexactpRq:

´ b ksgn and rktriv ,´s are direct summands of ´ b kSn and rSn,´s.

Want the image to include objects ´ b kSn, rSn,´s and their
idempotent endomorphisms whose image is ´ b ksgn and rktriv ,´s.
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The Heisenberg category Heis

Image of Heis Ñ EndexactpRq

Objects: Identity 1 and compositions of

Ò :“ ´ b kS1 : R Ñ R
Ó :“ rkS1,´s : R Ñ R

Morphisms: Generated by

: ´ b S2 Ñ ´ b S2, : rS2,´s Ñ rS2,´s

and the unit/counit morphisms:

: 1 ÑÒÓ , :ÓÒÑ 1 ,

: 1 ÑÓÒ , :ÒÓÑ 1
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Khovanov’s Heisenberg Category Heis

Let k be a field of any characteristic. Heis is the strict monoidal k-linear
category with:

Objects: Words in alphabet Ò, Ó. The empty word is denoted 1.

Generating Morphisms:

:ÒÒÑÒÒ,

: 1 ÑÒÓ , :ÓÒÑ 1 ,

: 1 ÑÓÒ , :ÒÓÑ 1

Composition of morphisms: Vertical stacking

Tensor product of objects/morphisms: Horizontal concatenation

Relations: on next page
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Khovanov’s Heisenberg Category Heis

Local relations:

“ “ “ “ (planar isotopy invariance)

“ “ (symmetric group relations)

“ ´ “ (up-down crossings)

“ 1 “ 0 (circle/loop relations)
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Khovanov and Brundan-Savage-Webster Result

If char k = 0:

Recall the idempotents in kSn:

qn “
1

n!

ÿ

σPSn

σ, q
1

n “
1

n!

ÿ

σPSn

p´1qℓpσqσ

Khovanov [2014]: There is an embedding Heis Ñ K0pKarpHeisqq:

Heis Ñ K0pKarpHeisqq

e`
n ÞÑ rpÒbn, qnqs

h´
n ÞÑ rpÒbn, q

1

nqs.

Brundan-Savage-Webster [2019]: This embedding is a ring isomorphism.
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Categorical actions of Heis

The functor Heis Ñ EndpRq is a special case of a categorical action of
Heis on R.

Categorical actions of Heis

A categorical action of Heis on an abelian k-linear category C is a
monoidal functor

Φ : Heis Ñ EndpCq

where:

EndpCq is the category of endofunctors of C.
The monoidal product on EndpCq is composition. e.g. so

ΦpÒ b Òq “ ΦpÒq ˝ ΦpÒq : C Ñ C

Corollary of Khovanov-Brundan-Savage-Webster result

If Heis ýC then Heis “ K0pKarpHeisqq ýK0pCq
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A characteristic-free approach

Hong-Yacobi [2013]

Over an algebraically closed field k of arbitrary characteristic:

There is a categorical action Heis ýP on the category of polynomial
functors.

There are endofunctors Xn,Yn P EndpPq that give a representation:

Heis Ñ EndpK0pPqq

e`
n ÞÑ Xn

h´
n ÞÑ Yn

In characteristic zero this recovers the Heis action due to Khovanov’s
result.
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A characteristic-free approach

How much of Khovanov’s result can we extend to positive
characteristic?

Problem: The idempotents are not defined in positive characteristic.

Soulution: Use coequalizers instead of idempotents.

Coequalizer functors

Given a functor F : C Ñ C and a finite family X “ tϕ1, . . . , ϕnu of
endomorphisms of F , let FX : C Ñ C be the coequalizer of X in
EndpCq.

E.g. Consider the following subsets of kSn:

S`
n :“ tσ | σ P Snu, S´

n :“ tp´1qℓpσqσ | σ P Snu.

Then (in any characteristic):

´ b ksgn “ p´ b kSnqS´
n
, rktriv ,´s “ rkSn,´sS`

n
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A characteristic-free approach

New Result (Hong-W.-Yacobi)

Given a categorical action Φ : Heis Ñ EndpCq, define the functors:

Xn :“ pΦpÒbnqqS´
n
, Yn :“ pΦpÓbnqqS`

n
.

If all Xn, Yn are exact then there is a representation Heis Ñ EndpK0pCqq

defined

e`
n ÞÑ Xn

h´
n ÞÑ Yn

Question

Under what conditions are the functors Xn and Yn exact?

G. Wiggins (USYD) Heisenberg Categorification January 20, 2023 18 / 22



A characteristic-free approach

New Result (Hong-Yacobi-W.)

Suppose C is a closed symmetric monoidal k-linear abelian category and
Heis ýC via a map ÒÞÑ ´ b H for some object H P C. Then

Xn :“ ´ b pHbnqS´
n
: C Ñ C, Yn :“ rpHbnqS

`
n ,´s : C Ñ C

and if

´ b ´ is exact in each variable.

C has enough projectives and projective objects are closed under b.

pHbnqS
`
n is projective.

Then Xn and Yn are exact.

E.g. if char k “ 0 then R satisfies these conditions.
If char k ‰ 0 then pkSnqS

`
n “ ktriv is not projective and this criteria fails.

This criteria is satisfied by Hong-Yacobi’s polynomial functors example.
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A characteristic-free approach

Prototypical examples of actions Heis ýC have the following
structure:

C is a closed symmetric monoidal k-linear abelian category.
Recall: closed means C has an internal hom r´,´s : Cop ˆ C Ñ C.
ΦpÒq “ ´ b H for some object H P C.
By adjunction/planar-isotopy ΦpÓq “ rH,´s for some object H P C.
The crossings are given by the symmetric braiding isomorphisms for
b.
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Further Generalizations

For k P Z there are:

Rings Heisk

Pivotal k-linear categories Heisk

where Heis “ Heis´1 and Heis “ Heis´1.

Brundan-Savage-Webster [2019]

K0pHeiskq » Heisk for all k P Z.

Conjecture

Let k be a field of any characteristic. Any categorical action Heisk ýC
gives rise to a ring action Heisk ýK0pCq.

New result (Hong-W.-Yacobi)

This conjecture is true when |k | ď 2.
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Further Generalizations

Khovanov-Licata-Savage category

Our results also hold in Licata-Savage’s [2013] quantization of Heis.
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